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ABSTRACT
Methods for the Aerostructural Design and Optimization of Wings with Arbitrary
Planform and Payload Distribution
by
Jeffrey D. Taylor, Master of Science
Utah State University, 2017

Major Professor: Douglas F. Hunsaker, Ph.D.
Department: Mechanical and Aerospace Engineering
Low-fidelity aerostructural optimization routines have often focused on determining
the optimal spanloads for a given wing configuration. Several analytical approaches have
been taken to predict optimal lift distributions on rectangular wings with a specific payload
distribution. However, these methods fail when applied to wings of arbitrary geometry and
payload distribution. The work presented in this thesis extends relations developed using
an analytical approach to non-rectangular wings with arbitrary payload distributions. An
iterative algorithm that employs numerical integration to predict the structural weight and
induced drag for wings with arbitrary planforms and payload distributions is developed, and
semi-analytical relations for predicting the structural weight and induced drag of tapered
and elliptic wings with a specific payload distribution are given. It is shown that these
methods can be coupled with optimization routines to predict the lift distributions and
wingspans that minimize induced drag for various wing configurations.
(112 pages)
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PUBLIC ABSTRACT
Methods for the Aerostructural Design and Optimization of Wings with Arbitrary
Planform and Payload Distribution
Jeffrey D. Taylor
The design of an aircraft wing often involves the use of mathematical methods for
simultaneous aerodynamic and structural design. The goal of many of these methods is
to minimize the drag on the wing. A variety of computer models exist for this purpose,
but some require the use of expensive time and computational resources to give meaningful
results. As an alternative, some mathematical methods have been developed that give reasonably accurate results without the need for a computer. However, most of these methods
can only be used for wings with specific shapes and payload distributions. In this thesis, a
hybrid mathematical/computational approach to wing design is developed that can be used
for wings of any shape with any payload distribution. Specific mathematical expressions
are found to predict the weight and drag for tapered wings and elliptic-shaped wings. The
new approach and mathematical expressions are used to find the best distribution of lift on
a variety of aircraft wing configurations to minimize drag during flight.
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NOTATION

A

= beam cross-sectional area

An

= Fourier coefficients in the lifting-line solution for the section-lift distribution,
Eq. (1.1)

Bn

= Fourier coefficients in the lifting-line solution for the dimensionless section-lift
distribution, Eq. (1.3)

b

= wingspan

c

= local wing section chord length

c̄

= mean geometric chord

Cn

= weighting coefficients in the relations for structural weight and induced drag
of tapered and elliptic wings, Eq. (3.17)

Cσ

= shape coefficient for stress-limited design, Eq. (1.25)

Di

= wing induced drag

fnm

= maneuvering-flight bending moment function for Runge-Kutta integration,
Eq. (2.4)

fng

= hard-landing bending moment function for Runge-Kutta integration,
Eq. (2.5)

ftn

= tapered wing weighting coefficient function for Runge-Kutta integration,
Eq. (3.19)

h

= height of the beam cross-section

hf

= flange height (i.e., vertical thickness) of the I-beam cross-section

hi

= inside height of the box beam cross-section

I

= beam section moment of inertia

L

= total wing lift

e
L

= local wing section lift

m

= number of nodes for discretized wing

xiv
fb
M

= local wing section bending moment

na

= load factor in g’s

ng

= limiting load factor at the hard-landing design limit

nm

= limiting load factor at the maneuvering-flight design limit

RT

= wing taper ratio

S

= wing planform area

Sb

= proportionality coefficient between the weight of the wing structure per unit
span and the wing section bending moment, Eq. (1.24)

tmax

= maximum airfoil section thickness

V∞

= freestream airspeed

W

= gross weight

Wn

= total weight of the non-structural components

Wr

= weight of the non-structural components carried at the wing root

Ws

= total weight of the wing structure

fn
W

= weight of non-structural components per unit span carried within the wing

fs
W

= weight of the wing structure per unit span

w

= width of the beam cross-section

wi

= inside width of the box beam cross-section

ww

= web width (i.e., horizontal thickness) of the I-beam cross-section

z

= spanwise coordinate relative to the midspan

γ

= specific weight of the beam material

θ

= change of variables for the spanwise coordinate, Eq. (1.1)

κW

= weight distribution coefficient, Eq. (1.30)

ρ

= air density

σmax

= maximum longitudinal stress

xv
Subscripts

j

= value at section j

k

= value at section k

0

= value at section 0

m

= value at section m

CHAPTER 1
INTRODUCTION
Aircraft design requires a multidisciplinary approach that encompasses several aerospace
disciplines, including aerodynamics, structures, propulsion systems, and controls. The successful integration of these disciplines has been a topic of interest in recent years, leading
to the growth of the field of multidisciplinary design optimization (MDO) [1]. Because of
its highly-coupled nature, particular emphasis has been placed on the integration of aerodynamics and structures to produce optimal wing designs. This process has been termed
aerostructural optimization.
Aerostructural optimization can be thought of in three levels of fidelity: conceptual
design, preliminary design, and detail design. Recent years have seen an increased interest
in optimization at the detail design level. At this level, high-fidelity CFD and FEA tools are
often used to model the aerodynamics and the wing structure to capture the effects of subtle
variations in complex geometries and configurations. Because of the high computational
costs of CFD and FEA, significant effort has been made to develop methods that decrease
computation time without sacrificing fidelity [2–5]. High-fidelity methods are generally
used for detail-level design of all aircraft [6], but are sometimes used at the conceptual and
preliminary design levels for unconventional geometries and structures, such as morphing
trailing edge wings [7, 8] and tow-steered wings [9, 10].
Although high-fidelity methods have seen significant reductions in computational time,
they still carry heavy computational requirements. In the preliminary design phase, the
high levels of fidelity required for detail-level design are not always necessary, and reasonable
accuracy can often be attained by less complex models. In order to reduce computational
requirements, a high fidelity aerodynamic or structural model may be replaced by a simpler
numerical or analytical model in an aerostructural optimization routine, resulting in a
multi-fidelity model.
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Haftka [11] was one of the first to explore multi-fidelity aerostructural optimization.
Using FEA for his structural analysis, he evaluated the aerodynamics using a Fourier series definition for lift and drag. James [12] and Jansen [13] coupled FEA with an aerodynamic panel code to optimize the Common Research Model (CRM) wing [14]. Both
Dunning et al. [15, 16] and Stanford et al. [17, 18] also examined the CRM wing, performing wing box topology optimization under various structural and aeroelastic tailoring
constraints. Using FEA for structural analysis, they favored a doublet-lattice algorithm to
predict aerodynamics. Still others have used numerical lifting-line methods [19, 20], vortexlattice methods [21, 22], and experimental data [23] to replace CFD aerodynamic solvers.
In place of FEA structural models, beam models [19–22] and weight equations derived statistically [24], using response-surface methodology [25], or other methods [21] have been
used. Multi-fidelity aerostructural optimization routines have been successfully used for a
wide variety of aircraft configurations, including subsonic configurations [15–18], supersonic
transports [26–28], and rotorcraft [29, 30].
Low-fidelity methods are generally used for conceptual-level design. At this level,
optimization routines generally involve using low-fidelity aerodynamic and structural models
to determine the optimal spanwise load distribution on a wing. Prandtl [31] seems to be
the first to note that the elliptic lift distribution does not necessarily minimize induced
drag when structural considerations are taken into account. He found a bell-shaped lift
distribution that minimized induced drag for a fixed gross weight and moment of inertia
of gross weight. Several others have built upon Prandtl’s work. For example, Jones [32]
extended Prandtl’s work to determine optimal lift distributions for a given root bending
moment. Gopalarathnam and Norris [33] varied camber to find an optimal lift distribution
with constraints on root bending moment. Klein and Viswanathan [34,35] found the optimal
lift distribution at a given lift coefficient with constraints on both root and integrated
bending moment. McGeer [36] considered aeroelastic effects. Hunsaker et al. [37] took into
account total aircraft weight, including a distribution of non-structural weight in the wing
to find optimal lift distributions for stress-limited rectangular wing designs with constraints

3
on integrated bending moment.
In determining optimal spanloads, minimum drag is generally achieved by shifting
the loads inboard to alleviate the moments near the wingtips, allowing for an increase in
wingspan. It is important to note, however, that drag reductions are generally only achieved
by a non-elliptic lift distribution if wingspan is allowed to vary. As pointed out by Iglesias
and Mason [38], Takahashi [39], and Pate and German [40], the optimal spanload distributions that minimize weight or that minimize induced drag during a high-load maneuver are
not necessarily optimal for cruise. If such lift distributions are utilized on a wing with fixed
wingspan, they will result in an overall increase in induced drag over a typical flight profile.
Although low-fidelity methods are generally only used in the conceptual design phase,
they are instrumental in increasing fundamental understanding of the coupling between
aerodynamics and wing structure. In addition, a good first-cut design can save significant
time and cost at later design phases. For these reasons, it is advantageous to increase the
accuracy and applicability of low-fidelity aerodynamic optimization routines and extend
their utility to later design phases. The following section outlines the analytical approaches
of Prandtl [31] and Hunsaker et al. [37]. In this thesis, these approaches will be generalized
and extended using numerical methods.

1.1

Analytical Formulation
The Fourier series solution to Prandtl’s lifting-line theory [41, 42] can be used to de-

scribe the spanwise section-circulation distribution on an unswept lifting surface. Using this
circulation in the Kutta-Joukowski Law [43, 44] gives a spanwise section-lift distribution

2
e
L(θ)
= 2bρV∞

∞
X
n=1

An sin(nθ);

θ ≡ cos−1 (−2z/b)

(1.1)

The total lift can be described using the definitions of wing lift, aspect ratio and the classical
lifting-line solution for total lift
2
A1
L = 12 πb2 ρV∞

(1.2)
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Using Eqs. (1.1) and (1.2), the spanwise-lift distribution can be expressed in dimensionless
form
"
#
∞
X
e
4
bL(θ)
sin(θ) +
=
Bn sin(nθ) ;
L
π

Bn ≡

n=2

An
,
A1

z≡

−b cos(θ)
2

(1.3)

The induced drag corresponding to the total lift in Eq. (1.2) can be described using the
definitions of total drag, aspect ratio, and the classical lifting-line solution for induced drag

Di =

∞
2(L/b)2 X A2n
n 2
2
πρV∞
A1
n=1

(1.4)

Using the definition of Bn from Eq. (1.3) and considering the case of steady-level flight, the
induced drag from Eq. (1.4) can be rewritten
2 (W/b)2
Di =
2
πρV∞

1+

∞
X

!
nBn2

(1.5)

n=2

As seen in Eq. (1.5), at any given operating condition, the induced drag is a function
of aircraft weight, wingspan, and the Fourier coefficients, Bn . For any fixed weight and
wingspan, Eq. (1.5) is minimized by setting Bn = 0 for all n > 1. Using these values in
Eq. (1.3) gives the well-known elliptic lift distribution.
e
4
bL(θ)
= sin(θ),
L
π

z≡

−b cos(θ)
2

(1.6)

For configurations with fixed total weight and wingspan, the elliptic lift distribution will
always give a minimum in induced drag. However, if total weight and wingspan are allowed
to vary, the elliptic lift distribution does not necessarily minimize induced drag.
From Eq. (1.5), we see that induced drag can be reduced by increasing wingspan
and decreasing weight. Neglecting structural considerations, an elliptic lift distribution
on a wing with the largest possible wingspan gives the greatest efficiency. However, the
maximum wingspan is limited when structural requirements are taken into account. As
wingspan increases, the wing bending moments increase, and the weight of the structure
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required to support the bending moments must also increase. At some critical wingspan, the
additional drag induced by increasing the wing weight will exceed the the drag reductions
attained by increasing wingspan. The wingspan at which these two effects balance is the
wingspan that minimizes induced drag for a given lift distribution.
Lift distributions that shift the spanwise-lift distribution inboard alleviate the bending
moments near the wingtips. This allows for a larger optimal wingspan than that allowed
by the elliptic lift distribution for the same gross lift and gross weight. However, such lift
distributions are achieved using non-zero values of Bn . As seen in Eq. (1.5), any non-zero
value of Bn increases induced drag. The tradeoff between the drag induced by a non-elliptic
lift distribution and the reduction in induced drag achieved by a larger optimal wingspan
results in some non-elliptic lift distribution and optimal wingspan that minimize induced
drag for a given weight. Prandtl’s work in 1933 [31] exploited this tradeoff for a rectangular
wing with constrained total lift and moment of inertia of total lift to find a bell-shaped lift
distribution that could be implemented using wing twist to allow a wingspan increase of 22.5
percent and a drag decrease of 11.1 percent. Hunsaker et al. [37] found a lift distribution
for the stress-limited design of a rectangular wing that allowed a wingspan increase of 4.98
percent and drag reduction of 4.25 percent. A brief overview of these analytical approaches
is given in the following sections.

1.1.1

Prandtl’s Formulation

Prandtl developed the analytical relations that led to his optimal lift distribution by
assuming that the section bending moment on a wing is a function of only the lift distribution, as shown in Fig. 1.1. Using this assumption, the section bending moment can be
written
Zb/2
fb (z) =
M
z 0 =z

e 0 )(z 0 − z)dz 0 ,
L(z

for z ≥ 0

(1.7)

In order to determine the weight of the wing structure required to support these bending
moments, Prandtl [31] assumed that the section bending moments are related to the section
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Wing Centerline

Fig. 1.1: Schematic of forces at spanwise location z = z 0 contributing to the
bending moment at the spanwise location z as assumed by Prandtl [31].
structural weight by a spanwise-invariant proportionality constant
f
fs (z) = Mb (z)
W
Sb

(1.8)

The total structural weight can be determined by integrating the section structural weight
across the full span
Zb/2
Ws =

fs (z)dz
W

(1.9)

z=−b/2

Using Eqs. (1.7) and (1.8) in Eq. (1.9) for steady level flight with any spanwise-symmetric
lift distribution, and enforcing the assumption that the proportionality constant is spanwise
invariant gives
2W
Ws =
Sb b

Zb/2 Zb/2 e 0
bL(z ) 0
(z − z)dz 0 dz
L

(1.10)

z=0 z 0 =z

When the elliptic lift distribution is used, Eq. (1.10) can be integrated to give the structural
weight required to support the bending moments produced by the elliptic lift distribution
under Prandtl’s [31] assumptions
Ws =

W b2
32Sb

(1.11)
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Prandtl [31] minimized induced drag by using a non-elliptic lift distribution. Prandtl’s lift
distribution can be written in dimensionless form as
e

4
bL(θ)
sin(θ) − 13 sin(3θ) ;
=
L
π

z≡

−b cos(θ)
2

(1.12)

Notice that Eq. (1.12) is in the same form as Eq. (1.3) where B2 = 0, B3 = −1/3, and
Bn = 0 for n > 3. Using Prandtl’s minimum drag lift distribution in Eq. (1.10) and
integrating gives the structural weight required to support the bending moments produced
by Prandtl’s lift distribution under his assumptions

Ws =

W b2
48Sb

(1.13)

Equations (1.11) and (1.13) can be solved to find the wingspan for any given structural
weight. Solving for wingspan shows that the wingspan allowed by Prandtl’s lift distribution
is 22.5 percent larger than that allowed by the elliptic lift distribution. Using the wingspan
found from Eq. (1.11) in Eq. (1.5) gives the drag induced by the elliptic lift distribution
with the optimal wingspan
Di =

W3
2S W
16πρV∞
b s

(1.14)

The drag induced by Prandtl’s lift distribution is found by using the wingspan found from
Eq. (1.13) in Eq. (1.5)
Di =

W3
2S W
18πρV∞
b s

(1.15)

From Eqs. (1.14) and (1.15) we see that the ratio of drag induced by Prandtl’s lift distribution to the drag induced by the elliptic lift distribution is 8/9, which means that for the
same gross weight, Prandtl’s lift distribution induces 11.1 percent less drag than the elliptic
lift distribution.

1.1.2

Hunsaker’s Formulation

In his predictions for bending moment, Prandtl [31] did not take into account the effect
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of weight distributed across the wing. However, modern aircraft often carry some nonstructural weight in addition to the weight of wing structure. The body forces produced by
the weight distributed in the wing can have a large impact on the optimal lift and structural
weight distribution. Hunsaker et al. [37] developed predictions for optimal structural weight
and lift distribution under the assumption that the total weight of an aircraft is the sum
of the weight at the wing root, Wr , the non-structural weight in the wing, Wn , and the the
structural weight required to support the wing bending moments, Ws , which gives

W = Wr + Wn + Ws

(1.16)

The non-structural weight used in Eq. (1.16) includes the weight from all non-structural
components distributed in the wing, such as fuel, nacelles, engines, or payload, as shown in
Fig. 1.2. The total non-structural weight is found by integrating the section non-structural
fn (z), across the span
weight, W
Zb/2
Wn =

fn (z)dz
W

(1.17)

z=−b/2

fs (z), across the span, the total structural weight
Integrating the section structural weight, W
in the wing can be written
Zb/2
Ws =

fs (z)dz
W

(1.18)

z=−b/2

In order to find closed-form analytical solutions, Hunsaker et al. [37] limited their work to
a specific non-structural weight distribution that is dependent on the total weight, weight
at the wing root, and structural weight distribution
e
fs (z)
fn (z) = (W − Wr ) L(z) − W
W
L

(1.19)

In general, however, Eq. (1.19) is not a good representation of the distribution of nonstructural components in a wing. In fact, a wing’s non-structural weight distribution rarely
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Fig. 1.2: Schematic of the distribution of non-structural components for an
example aircraft configuration.
follows a pattern that permits closed-form evaluation. Instead, numerical methods are
required to evaluate the integrals in Eqs. (1.17) and (1.18) if an arbitrary non-structural
weight distribution is considered.
Whereas Prandtl [31] assumed that the bending moments produced on a wing are a
function of the lift distribution alone, Hunsaker et al. [37] also took into account the bending
moments caused by the weight of the wing structure and all non-structural components. In
addition, they added a provision to account for the possibility of a load factor. Figure 1.3
shows a schematic of the forces that contribute to the section bending moment under the
assumptions made by Hunsaker et al. [37]. Considering the lift distribution along with the
structural and non-structural weight distributions at some load factor, the section bending
moment becomes

fb (z) =
M

Zb/2 h
z 0 =z

i

e 0 ) − na W
fs (z 0 ) − na W
fn (z 0 ) z 0 − z dz 0 ,
L(z

for z > 0

(1.20)

where the load factor, na , is measured in g’s.
Equation (1.20) gives the general form of the section bending moment. In general,
the load factor is used to account for the additional acceleration caused by a maneuver.
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s

Fig. 1.3: Schematic of forces at spanwise location z = z 0 contributing to the
bending moment at the spanwise location z as assumed by Hunsaker et al. [37].

Defining nm as the maneuvering design limit, Eq. (1.20) can be rewritten
Zb/2 "
fb (z) = nm
M
z 0 =z

#
e 0)
L(z
0
0
fn (z ) − W
fs (z ) (z 0 − z)dz 0 ,
W
−W
L

for z > 0

(1.21)

In addition to maneuvers, however, the load factor can be used to account for negative
acceleration caused by a hard landing or taxi bump. If ng is taken to be the hard-landing
design limit, Eq. (1.20) becomes
#
Zb/2 "
e 0)
L(z
W
fb (z) = −ng
fn (z 0 ) + W
fs (z 0 ) −
(z 0 − z)dz 0 ,
M
W
ng L

for z > 0

(1.22)

z 0 =z

When determining the weight of the wing structure required to support the bending moments, both the maneuvering and hard-landing design limit must be taken into account.
The limit that gives a higher magnitude bending moment at any given section is the limit
that drives the structural weight required at that section.
Like Prandtl [31], Hunsaker et al. [37] assumed that the structural weight is related
to the bending moments by a proportionality constant. However, whereas Prandtl [31]
assumed that the proportionality constant is invariant across the wingspan, Hunsaker et
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al. [37] allowed the proportionality constant to vary at each spanwise location
f
fs (z) = |Mb (z)|
W
Sb (z)

(1.23)

The proportionality constant is related to the cross-section and material properties of a
vertically symmetric support beam that is assumed to run with no twist or dihedral along
the locus of aerodynamic centers of the wing. It is assumed that the stresses in the beam
are caused by the bending moments alone, with no torsional loading or buckling. Assuming
that the bending moments are fully supported by the beam with no deflection, Hunsaker
et al. [37] related the proportionality constant to the section geometry by

Sb (z) =

Cσ [tmax (z)/c(z)] c(z)σmax
;
γ

Cσ ≡

2I (h/tmax )
Ah2

(1.24)

where tmax (z)/c(z) is the maximum airfoil-thickness-to-chord ratio, c(z) is the chord-length
distribution, σmax is the maximum permissible stress in the beam, γ is the specific weight
of the beam material, and Cσ is the beam shape factor. At each section, the wing structure
must be designed such that the bending stresses do not exceed the maximum permissible
stress in the beam. The shape factor for the beam cross-sections shown in Fig. 1.4 are given

Fig. 1.4: Schematic of three common beam cross sections with shape factors
defined in Eq. (1.25).
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6 (1 − wi hi /wh)









h
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2 (hf /h)3 + 6 (hf /h) (1 − hf /h)2 + (ww /w) (1 − 2hf /h)3 (h/tmax )




I-beam
6 [2hf /h + (ww /w) (1 − 2hf /h)]
(1.25)
It is important to note that because the beam cross-section must fit within the airfoil
thickness, the ratio h/tmax must be less than unity. However, whereas the height of the
beam is constrained by the airfoil geometry, the width of the beam in the shape factor is
not constrained by airfoil geometry.
The total structural weight is simply the section structural weight integrated across
the span. Using Eq. (1.23) in Eq. (1.18) and rewriting under the assumption that the
load distribution is spanwise symmetric, the total structural weight for a wing under the
assumptions of Hunsaker et al. [37] is
Zb/2 f
|Mb (z)|
dz
Ws = 2
Sb (z)

(1.26)

z=0

where the proportionality constant, Sb (z), is given by Eq. (1.24). In order to obtain analytical results, Hunsaker et al. [37] assumed a wing with rectangular planform shape, making the
chord distribution, c(z) = c, and section thickness, tmax (z)/c(z) = tmax /c, constant. However, if some arbitrary unswept non-rectangular planform is used, c(z) and tmax (z)/c(z) are
no longer spanwise invariant, and Eq. (1.26) must be evaluated numerically.
Using the non-structural weight distribution given by Eq. (1.19) in Eq. (1.21), Hunsaker
et al. [37] were able to find analytical results for the structural weight and the optimal lift
distribution. When Eq. (1.19) is used in Eq. (1.21), the maneuvering-flight section bending
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moment becomes
Zb/2 e 0

L(z ) 0
fb (z) = nm Wr
z − z dz 0 ,
M
L
z 0 =z

for z ≥ 0

(1.27)

Similarly, using Eq. (1.19) in Eq. (1.22), the hard-landing section bending moment gives

fb (z) = − [(ng − 1) W − ng Wr ]
M

Zb/2 e 0

L(z ) 0
z − z dz 0 ,
L

z 0 =z

for z ≥ 0

(1.28)

Notice that Eqs. (1.27) and (1.28) are directly proportional to the bending moments found
by Prandtl in Eq. (1.7).
The total structural weight required to support the bending moments on a wing with the
non-structural weight distribution given by Eq. (1.19) is found by using Eqs. (1.3), (1.27),
and (1.28) in Eq. (1.26)

8κW Wr
Ws =
πbSb

Zb/2 Zb/2 
z=0 z 0 =z




2z 0
−1
sin cos
−
+
b
∞
X
n=2

where

κW =


)
0

2z
Bn sin n cos−1 −
z 0 − z dz 0 dz (1.29)
b






nm ,






Wr ≥






W


− ng ,
(ng − 1)
Wr

Wr <

ng − 1
W
nm + ng
(1.30)
ng − 1
W
nm + ng

For any spanwise-symmetric lift distribution, the Fourier coefficients, Bn , are zero for all
even n. Integrating Eq. (1.29) gives Bn = 0 for n > 3, and assuming that the lift distribution
is all-positive and spanwise symmetric, the total structural weight for a rectangular wing
with the non-structural weight distribution given by Eq. (1.19) becomes

Ws =

κW Wr b2
(1 + B3 )
32Sb

(1.31)
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Equation (1.31) can easily be solved to find the wingspan for a given structural weight,
proportionality constant, weight at the wing root, and lift distribution defined by B3 alone
s
b=

32Sb Ws
κW Wr (1 + B3 )

(1.32)

Using Eq. (1.32) in Eq. (1.5) gives the corresponding induced drag
∞

X
κW W r W 2
Di =
(1
+
B
)
1
+
nBn2
3
2S W
16πρV∞
b s

!
(1.33)

n=2

It can be seen that Eq. (1.33) is minimized with

B2 = 0;

B3 = −1/3,

Bn = 0, for n > 3

(1.34)

These results, as well as those found by Prandtl [31], assume that the optimal wingspan
is obtained by extending wingspan while holding the chord constant. However, Hunsaker
et al. [37] noted that it is often common for the wing loading, W/S, to be constrained by
airspeed requirements. If wing loading is constrained, it is convenient to rewrite Eq. (1.31)
in the form
Ws =

γ(W/S)
κW Wr b3
(1 + B3 )
32Cσ (tmax /c)σmax
W

(1.35)

Solving for the wingspan in Eq. (1.35) gives
s
b=

3

32Cσ (tmax /c)σmax W Ws
(1 + B3 )γ(W/S)κW Wr

(1.36)

Using Eq. (1.36) in Eq. (1.5) gives the induced drag

2/3
2(1 + 3B32 ) (1 + B3 )γ(W/S) κW Wr W 2
Di =
2
πρV∞
32Cσ (tmax /c)σmax
Ws

(1.37)

Equation (1.37) is minimized with

B2 = 0;

B3 = −3/8 +

p
9/64 − 1/12,

Bn = 0, for n > 3

(1.38)
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which, when used in Eq. (1.3), gives the minimum drag lift distribution for the stress-limited
design of a rectangular wing with fixed wing loading


q
e
4
bL(θ)
3
9
sin(θ) + 8 − 64
=
−
L
π

1
12




sin(3θ) ;

z≡−

b cos(θ)
2

(1.39)

Using Eq. (1.38) in Eqs. (1.35) and (1.37) gives a wingspan that is 4.98 percent larger than
the wingspan allowed by the elliptic lift distribution and a drag reduction of 4.25 percent
over the elliptic lift distribution for wings of equal weight.
Like Prandtl, Hunsaker et al. [37] limited their analysis to a rectangular wing. Furthermore, Hunsaker et al. [37] assumed the non-structural weight distribution from Eq. (1.19).
The use of this non-structural weight distribution eliminates the circular dependence between the wing’s structural weight distribution and the bending moments. A generalization
of the analysis to non-rectangular wings with alternate non-structural weight distributions
not only requires numerical integration, but it also requires the use of an iterative algorithm
that predicts structural weight by converging the structural weight distribution and bending
moment distribution on a wing with fixed geometry, lift distribution, and non-structural
weight distribution. However, for certain non-rectangular wing geometries, such as tapered
and elliptic planforms, the approach taken by Hunsaker et al. [37] can be extended to give
semi-analytical expressions for structural weight and induced drag.
The work presented in this thesis will extend the utility of the approach of Hunsaker et
al. [37] to wings with non-rectangular planforms using an iterative numerical algorithm that
applies the analytical relations developed in this section to wings with arbitrary geometries
and payload distributions. Relations will also be developed using semi-analytical methods
to predict the structural weight and induced drag on tapered and elliptic wings. Coupling
the wing-structure algorithm and the relations for tapered and elliptic wings with an optimization algorithm, the lift distributions and wingspans that minimize induced drag for
various wing configurations will be determined. Throughout this thesis, it is important to
note that all of the methods presented use Prandtl’s classical lifting-line theory to calculate
induced drag, and are therefore only valid for unswept wings.
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CHAPTER 2
NUMERICAL ALGORITHM FOR WING-STRUCTURE DESIGN
The application of the relations developed by Hunsaker et al. [37] to wings with arbitrary unswept planform and non-structural weight distribution requires the use of numerical
methods. When non-rectangular geometries are used, many of the integrals in the previous
chapter must be evaluated using a numerical scheme. When a non-structural weight distribution other than that described in Eq. (1.19) is used, the circular dependence between
the structural weight and the bending moments requires an iterative solution method. In
this chapter, all of the assumptions made in the development of the equations of Hunsaker
et al. [37] are maintained, with the exception of the assumptions that the wing planform is
rectangular with a spanwise-invariant airfoil distribution and that the non-structural weight
distribution is given by Eq. (1.19).
The selection of a numerical integration scheme is important when evaluating the integrals from the previous chapter. In general, any high-order numerical integration scheme
will yield valid results, but in some cases, second order integration schemes, such as trapezoidal rule, may fail to converge on a finite, nonzero solution. In the following development,
we use fourth-order Runge-Kutta to carry out the integration. For aerodynamic applications, it is common to evenly distribute nodes in θ and use cosine clustering to increase
grid density near high-gradient regions, such as the wingtip. However, for simplicity, the
following development assumes that the wing is discretized into m evenly-spaced spanwise
segments in z, as shown in Fig. 2.1. The equations for a wing discretized for cosine clustering
are given in appendix A. Note that when used to evaluate definite intervals at evenly-spaced
intervals, fourth order Runge-Kutta is also known as Simpson’s 1/3 rule.
If the wingspan is known and a series of Fourier coefficients, Bn , is given, Eq. (1.3)
is fully defined. Using the nomenclature from Fig. 2.1, the dimensionless lift distribution
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Fig. 2.1: Wing discretization for single semispan with even spacing in z.

given by Eq. (1.3) can be expressed at any section j as
e
bL
L

!
j

4
=
π

 X


)


∞
2zj
2zj
−1
−1
+
Bn sin n cos
−
sin cos
−
b
b

(

(2.1)

n=2

Evaluation of the bending moments in Eqs. (1.21) and (1.22) requires a known dimensionless lift distribution, non-structural weight distribution, and structural weight distribution. In general, the non-structural weight distribution is known beforehand and is treated
as an input to the algorithm. However, the structural weight distribution is a function
of the bending moments. Therefore, some initial guess must be made for the structural
weight distribution on the first algorithm iteration. For simplicity, a suitable initial guess is
fs (z) = 0. Given a non-structural weight distribution and an initial guess for the structural
W
weight distribution, the total non-structural weight, Wn , can be found by evaluating the
integral in Eq. (1.17) using fourth-order Runge-Kutta


m−1
P

m−2
P



f
fn + 2
fn + W
fnm
W
W
j
j
 Wn0 + 4

j=1,3,5
j=2,4,6


Wn = 2 (zm − z0 ) 

3m



(2.2)
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Evaluating Eq. (1.18) using fourth-order Runge-Kutta, the total structural weight becomes
m−1
P



m−2
P



fs + 2
fs + W
fsm
f
W
W
j
j

 W s0 + 4
j=1,3,5
j=2,4,6


Ws = 2 (zm − z0 ) 

3m



(2.3)

Using Eqs. (2.2) and (2.3) in Eq. (1.16) gives the total aircraft weight. With the total weight
known, and the non-structural and structural weight distributions defined, the maneuvering
bending moment at section j can be found by using fourth-order Runge-Kutta to evaluate
the integral in Eq. (1.21) for a given maneuvering limit, nm
m−1
P



m−1
P



fnm (zk ) + 2
fnm (zk ) + fnm (zm ) 
 fnm (zj ) + 4
k=j+1,3,5
k=j+2,4,6


fb = nm (zm − zj ) 
M

j
3(m − j)


(2.4)
"
fnm (zk ) = W

e
L
L

!
k

#
fn − W
fs (zk − zj )
−W
k
k

Similarly, the hard-landing bending moment at section j for a given hard-landing limit, ng ,
is found from Eq. (1.22) by evaluating the integral using fourth-order Runge-Kutta

m−1
m−1
P
P
f
(z
)
+
4
f
(z
)
+
2
f
(z
)
+
f
(z
)
ng k
ng k
ng m 
 ng j
k=j+1,3,5
k=j+2,4,6

fb = −ng (zm − zj ) 
M


j
3(m − j)




(2.5)
"
fn
fng (zk ) = W
k

fs − W
+W
k
ng

e
L
L

! #
k

(zk − zj )

The wing structure at section j must be built to withstand the section bending moment
of greater magnitude between Eq. (2.4) and (2.5). When this bending moment is used in
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Eq. (1.23), the structural weight at section j becomes

fs =
W
j

fb |
|M
j
Sbj

(2.6)

where Sbj is the proportionality constant at section j

Sbj


Cσj tmaxj /cj cj σmax
;
=
γ

Cσ j

2Ij hj /tmaxj
≡
Aj h2j


(2.7)

Using the new value for the structural weight calculated from Eq. (2.6) in Eqs. (2.3)
and (1.16) gives a new guess for structural weight and total weight that can be used again
in Eqs. (2.4) and (2.5). The process is repeated until the structural weight converges to
some predetermined convergence criterion.
For any user-defined non-structural weight distribution and lift distribution applied to
a prescribed wing geometry, the process of solving for the structural weight required to
support the wing bending moments is shown in Fig. 2.2 and summarized as follows:
1. Use Eq. (2.7) with the properties of the beam to find the proportionality constant at
each section.
2. Find the total non-structural weight using Eq. (2.2).
3. Find the total structural weight using Eq. (2.3). For the first iteration, assume that
the structural weight is zero.
4. Find the total weight using Eq. (1.16).
5. Find the moment distributions from Eqs. (2.4)-(2.5).
6. Determine which of the bending moments has the greater magnitude at each section.
7. Find the structural weight at each section by using the bending moment from step 6
in Eq. (2.6)
8. Repeat steps 2-7 with the new structural weight. Continue iterating until the structural weight has converged to some prescribed convergence criterion.
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Fig. 2.2: Schematic of wing-structure prediction algorithm.

Using the final total weight along with the input parameters in Eq. (1.5), the induced drag
is calculated.
This algorithm can be coupled with optimization codes to determine optimal values
for a wide range of design variables under various user-defined constraints. In the following
sections, we will use the algorithm described in this section to predict the structural weight
and induced drag on an example wing configuration with two different values of weight
carried at the wing root and two non-structural weight distributions. We will also determine
optimal lift distributions corresponding to each weight configuration.

2.1

Example Solutions
The following sections compare the results for the wing-structure algorithm to the

analytical relations developed by Hunsaker et al. [37] for the rectangular wing configuration defined in Table 2.1 with a support beam of rectangular cross-section. Note that the
configuration given in Table 2.1 is a baseline configuration. The values shown are all held
constant unless specified otherwise. We first compare the structural weight predicted by the
wing-structure algorithm using the configuration given in Table 2.1 and the non-structural
weight distribution defined by Eq. (1.19) to the analytical relationships developed by Hun-
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saker et al. [37]. We then use the algorithm to predict the structural weight for the same
configuration with a spanwise-constant non-structural weight distribution. In each case,
results are shown for two different values of weight carried at the wing root.
Table 2.1: Properties of test wing and support beam configuration.

2.1.1

b [m]
3.1

c [m]
0.22

tmax /c
0.12

σmax [Pa]
310 × 106

h/tmax
0.984

γ
26500

W [N]
122

nm
10

ng
10

ρ [kg/m3 ]
1.223

V∞ [m/s]
19

m
100

Hunsaker’s Non-Structural Weight Distribution

The non-structural weight given by Eq. (1.19) was developed in order to find analytical
solutions and was not intended to represent a practical non-structural weight distribution.
However, in order to validate the numerical results obtained by the wing-structure algorithm, the analysis in this section uses the non-structural weight distribution given by
Eq. (1.19) and compares the results found by the algorithm to those found by Hunsaker et
al. [37].
For this example, all of the parameters given in Table 2.1 are held constant. The algorithm’s bending-moment predictions are found using Eqs. (2.4) and (2.5) with the fully converged structural weight distribution, non-structural weight distribution, and total weight.
At each section, the wing structure must be designed to support the section moment that
has greater magnitude between Eqs. (2.4) and (2.5). Figure 2.3 shows the distribution of
structural weight predicted by the algorithm for the configuration given in Table 2.1 with
a root weight of 102 N and the non-structural weight distribution specified by Eq. (1.19),
compared to those found by Hunsaker et al. [37] using Eq. (1.27) or (1.28) in Eq. (1.23).
Results are shown for the elliptic lift distribution from Eq. (1.6), Prandtl’s minimum-drag
lift distribution [31] from Eq. (1.12), and the lift distribution suggested by Hunsaker et
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al. [37] in Eq. (1.39). The same results are shown for a root weight of 55 N in Figure 2.4.
Notice that the structural weight distribution predicted by the algorithm with each value
of weight at the wing root agrees well with the structural weight distribution predicted by
Hunsaker et al. [37] for each of the lift distributions shown.
Integrating the structural weight distributions shown in Figs. 2.3 and 2.4 along the span
gives the total structural weight. The wing-structure algorithm calculates the drag induced

Analytical
Algorithm
1.6
1.39
1.12

Fig. 2.3: Comparison of structural weight distributions predicted by the wingstructure algorithm and using the analytical relations developed by Hunsaker
et al. [37] for the test wing defined in Table 2.1 with Root Weight of 102 N and
the non-structural weight distribution given by Eq. (1.19).
Analytical
Algorithm

1.6
1.39

1.12

Fig. 2.4: Comparison of structural weight distributions predicted by the wingstructure algorithm and using the analytical relations developed by Hunsaker
et al. [37] for the test wing defined in Table 2.1 with with Root Weight of 55 N
and non-structural weight distribution given by Eq. (1.19).
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by each lift distribution using Eq. (1.5) with the fully converged values of total weight.
Table 2.2 compares the structural weight and induced drag calculated by the algorithm
to those found by Hunsaker et al. [37]. Notice that the induced drag and total structural
weight values predicted by the wing-structure algorithm for both values of weight carried at
the wing root match the values predicted by Hunsaker et al. [37] to a high level of precision.
In fact, these values match to nine significant figures, which is well within the accuracy
to which these values can be reasonably measured. This suggests that the wing-structure
algorithm provides a good approximation for the structural weight and the drag induced by
a rectangular wing with a given lift distribution and the non-structural weight distribution
given by Eq. (1.19).
Table 2.2: Comparison of structural weight and induced drag found by the wingstructure algorithm to those found using the analytical relations developed by
Hunsaker et al. [37] for the wing configuration given in Table 2.1 with the
non-structural weight distribution given by Eq. (1.19).
Root Weight = 102 N
Lift Distribution
Elliptic [Eq. (1.6)]
Prandtl [Eq. (1.12)]
Hunsaker et al. [37] [Eq. (1.39)]

Induced Drag [N]
Algorithm Analytical
2.2333
2.2333
2.9777
2.9777
2.3565
2.3565

Structural Weight [N]
Algorithm
Analytical
6.0480
6.0480
4.0320
4.0320
5.2276
5.2276

Induced Drag [N]
Algorithm Analytical
2.2333
2.2333
2.9777
2.9777
2.3565
2.3565

Structural Weight [N]
Algorithm
Analytical
3.2612
3.2612
2.1741
2.1741
2.8188
2.8188

Root Weight = 55 N
Lift Distribution
Elliptic [Eq. (1.6)]
Prandtl [Eq. (1.12)]
Hunsaker et al. [37] [Eq. (1.39)]

2.1.2

Even Non-Structural Weight Distribution

The non-structural weight distribution is typically driven by the non-structural components that are to be carried in a wing, and in almost all cases, will not follow Eq. (1.19).
For rectangular wings, an arguably more realistic alternative is to assume that the non-
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structural weight is distributed evenly along the wing. This section provides a more practical example than that shown in the previous section by using the wing-structure algorithm
to predict the structural weight for the wing configuration given in Table 2.1 with an even
non-structural weight distribution.
Using Eq. (2.2), the total non-structural weight for a spanwise-constant non-structural
distribution can be rewritten

m−2
m−1
P f
P f
f
f
Wn + W n 
Wn + 2
 Wn + 4
j=2,4,6
j=1,3,5


Wn = 2 (zm − z0 ) 

3m




(2.8)

fn has the same value at every section. Equation (2.8) can be rearranged to give
where W

fn =
W

3mWn
2(zm − z0 ) [3m − 4]

(2.9)

In this example, the total weight given in Table 2.1 is constrained. Because the total
structural weight is unknown beforehand, the total non-structural weight must be allowed to
vary to compensate for variations in structural weight as the algorithm converges. However,
the distribution of non-structural weight must be defined. Because the structural weight
is a function of the non-structural weight distribution, two different non-structural weight
distributions will generally result in different values for total non-structural and structural
weight.
If the gross weight and wingspan are held constant, the test configuration with an elliptic lift distribution and the spanwise-constant non-structural weight distribution given by
Eq. (2.9) gives the same induced drag as the same configuration with the elliptic lift distribution and the non-structural weight distribution given by Eq. (1.19). However, using the
spanwise-constant non-structural weight distribution given by Eq. (2.9) on a configuration
with a root weight of 102 N, the wing-structure algorithm predicts a total structural weight
that is different from, but very similar to, that predicted for the non-structural weight
distribution given by Eq. (1.19). If the weight at the wing root is reduced to 55 N, the
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structural weight predicted for the non-structural weight distributions given in Eqs. (1.19)
and (2.9) vary significantly. Figure 2.5 shows the difference in structural weight distribution predicted by the algorithm for the wing configuration defined in Table 2.1 with the
elliptic lift distribution and the two non-structural weight distributions given by Eqs. (1.19)
and (2.9). Notice that, for each value of root weight, the structural weight distribution
predicted for the even non-structural weight distribution requires slightly more structural
weight to be shifted toward the wing root. This is most easily seen when root weight is 55
N. Table 2.3 shows a summary of the total structural weight and induced drag obtained for
the two non-structural weight distributions and both values of root weight.
Table 2.3 shows that with a root weight of 102 N, the difference in structural weight
between the two non-structural weight distributions is less than one percent, but if the

Non-structural weight from [Eq. (1.19)]
Non-structural weight from [Eq. (2.9)]
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weight at the wing root is reduced to 55 N, the difference in structural weight is nearly
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Fig. 2.5: Comparison of structural weight distribution predicted for the wing
configuration defined in Table 2.1 with an elliptic lift distribution and nonstructural weight distribution given by Eq. (1.19) vs. Eq. (2.9).
Table 2.3: Summary of results for induced drag and total structural weight for
the wing configuration defined in Table 2.1 with an elliptic lift distribution and
the non-structural weight distributions given by Eqs. (1.19) and (2.9).
fn (z) Definition
W
Eq. (1.19)
Eq. (2.9)

Induced Drag [N]
Wr =102 N Wr =55 N
2.2333
2.2333
2.2333
2.2333

Structural Weight [N]
Wr =102 N
Wr =55 N
6.0480
3.2612
6.0125
4.3348
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33.4 percent. It is also interesting to note that for a root weight of 102 N, the structural
weight required to support the even non-structural weight distribution is slightly higher
than that required for the non-structural weight distribution given by Eq. (1.19). However,
for a root weight of 55 N, the even non-structural weight distribution requires significantly
less structural weight. This suggests that there may be some critical value of weight at
the wing root at which the two non-structural weight distributions given by Eqs. (1.19)
and (2.9) require the same total structural weight.

2.2

Optimization
The results given in Table 2.2 support the assertion that the elliptic lift distribution is

the optimal lift distribution for a wing with prescribed gross weight and wingspan. However,
in order to find some non-elliptic optimal lift distribution for a wing with prescribed gross
weight alone, the wingspan must be allowed to vary. Optimal lift distributions for the wing
configuration defined in Table 2.1 can be found by coupling the wing-structure algorithm
with an optimization routine. Using the wing-structure algorithm as an objective function,
induced drag is minimized by varying the Fourier coefficients, Bn , and wingspan, b, while
holding the structural weight, Ws , constant. During a single iteration, the optimization
algorithm chooses values for the wingspan and the Fourier coefficients, and inputs them
into the wing-structure algorithm along with the other aircraft parameters from Table 2.1.
The wing-structure algorithm converges on the structural weight and calculates drag, which
is fed back to the optimization algorithm to determine the next guesses for the wingspan
and the Fourier coefficients. The process is repeated until drag is minimized. Remember
that the test configuration is only used as a baseline design. If wing loading is unconstrained
during optimization, the wing area will vary from the value specified in Table 2.1 in order
to maintain constant chord length. If wing loading is constrained, the chord length and
spar height will vary to maintain constant wing loading.
In this section, the wing-structure algorithm’s predictions for the optimal lift distribution for a wing with the non-structural weight distribution given by Eq. (1.19) are validated
against the analytical results found by Hunsaker et al. [37]. The algorithm is then used to
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predict the optimal lift distributions for a wing with the spanwise-constant non-structural
weight distribution. The results for the spanwise-constant non-structural weight distribution include results for both fixed total weight and fixed non-structural weight.

2.2.1

Hunsaker’s Non-Structural Weight Distribution

In order to test the wing-structure algorithm’s optimization results, the optimal lift
distributions predicted by the wing-structure algorithm using the configuration given in
Table 2.1 with the non-structural weight distribution given in Eq. (1.19) are compared to
those found analytically by Hunsaker et al. [37]. Using this non-structural weight distribution, Hunsaker et al. [37] determined that if wingspan is allowed to vary with no constraint
placed on wing loading, the lift distribution that minimizes induced drag for a given structural weight is equal to Prandtl’s optimal lift distribution from Eq. (1.12). If wing loading is
constrained, however, the optimal lift distribution is given by Eq. (1.39). When Eq. (1.19)
is used to define the non-structural weight, these lift distributions minimize induced drag
regardless of the amount of weight carried at the wing root. Therefore, the results shown
in this section apply to a wing with any root weight.
Coupling the wing-structure algorithm with an optimization routine, the predicted optimal lift distributions for unconstrained wing loading and constrained wing loading match
those found by Hunsaker et al. [37]. Figure 2.6 shows the optimal lift distributions predicted by the algorithm with a prescribed structural weight and both unconstrained and
constrained wing loading. Table 2.4 shows a comparison between the wingspan and induced
drag predicted by the algorithm and those predicted by Hunsaker et al. [37]. Notice that
the algorithm’s results match the analytical values to the level of precision shown.

2.2.2

Even Non-Structural Weight Distribution

The wing-structure algorithm was also used to find the optimal lift distributions for the
configuration in Table 2.1 with the more realistic spanwise-constant non-structural weight
distribution. When the non-structural weight distribution defined by Eq. (1.19) is replaced
by the spanwise-constant non-structural weight distribution on the wing configuration given
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1.6
Optimal [algorithm]

Fig. 2.6: Comparison between the elliptic lift distribution, Prandtl’s lift distribution [31], and the lift distribution found by Hunsaker et al. [37] on the
wing defined in Table 2.1 with the non-structural weight distribution given in
Eq. (1.19) and prescribed structural weight.
Table 2.4: Summary of results for wingspan and induced drag for the test
wing given in Table 2.1 with the non-structural weight distribution given by
Eq. (1.19) and prescribed structural weight.
Lift Distribution
Elliptic [Eq. (1.6)]
Optimal [W/S unconstrained]
Optimal [W/S constrained]

Wingspan [m]
Algorithm Analytical
3.10
3.10
3.80
3.80
3.25
3.25

Induced Drag [N]
Algorithm Analytical
2.23
2.23
1.99
1.99
2.14
2.14

in Table 2.1, the optimal lift distributions are highly dependent on the weight at the wing
root.
Using a root weight of 102 N, the optimization algorithm gives optimal lift distributions
that are similar to those shown in Fig. 2.6, as shown in Fig. 2.7.

Note that whereas the

optimal lift distributions for the non-structural weight distributions given by Eqs. (1.19)
and (2.9) have a similar look, the wingspan allowed by Eq. (2.9) is 4.5 percent larger than
that allowed by Eq. (1.19) for the case of unconstrained wing loading and 4.3 percent larger
for the case of constrained wing loading. If the weight at the wing root is reduced to 55 N,
however, the optimal lift distributions are nearly elliptic, as shown in Fig. 2.8.
Table 2.5 gives a summary of the wingspan and induced drag produced by the optimal
lift distributions for the wing configuration from Table 2.1 with the spanwise-constant non-
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Fig. 2.7: Comparison between the elliptic lift distribution from Eq. (1.6) and the
optimal lift distributions for both constrained and unconstrained wing loading
predicted by the wing-structure algorithm for the wing configuration defined in
Table 2.1 with Root Weight of 102 N an even non-structural weight distribution.
1.6
Optimal [algorithm]

Fig. 2.8: Comparison between the elliptic lift distribution from Eq. (1.6) and the
optimal lift distributions for both constrained and unconstrained wing loading
predicted by the wing-structure algorithm for the wing configuration defined
in Table 2.1 with Root Weight of 55 N and an even non-structural weight
distribution.
structural weight distribution. Notice that with a root weight of 102 N, the optimal lift
distribution for unconstrained wing loading allows a 28.1 percent increase in wingspan and
an 18.7 percent reduction in induced drag over the elliptic lift distribution. For the case
of constrained wing loading, the optimal lift distribution allows a wingspan increase of 9.4
percent and a drag reduction of 5.7 percent. If root weight is reduced to 55 N, the optimal
wingspans and induced drag for both constrained and unconstrained wing loading fall within
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one percent of the elliptic solution.
The non-zero Fourier coefficients, Bn , that define the optimal lift distributions shown
in Figs. 2.7 and 2.8 are given in Table 2.6 for 1 ≤ n ≤ 29. Only the odd-indexed Fourier coefficients are shown in Table 2.6. This is because for a spanwise-symmetric lift distribution,
which we assume, the even-indexed Fourier coefficients are zero by definition of symmetry.
Notice that as n increases, the magnitude of the Fourier coefficients quickly decreases. This
Table 2.5: Summary of results for wingspan and induced drag for the test wing
given in Table 2.1 with the non-structural weight distribution given by Eq. (2.9)
and prescribed structural weight.
fn (z) Definition
W
Elliptic [Eq. (1.6)]
Optimal [W/S unconstrained]
Optimal [W/S constrained]

Wingspan [m]
Wr =102 N Wr =55 N
3.100
3.100
3.971
3.106
3.390
3.103

Induced Drag [N]
Wr =102 N Wr =55 N
2.233
2.233
1.816
2.229
2.102
2.232

Table 2.6: Non-zero Fourier coefficients for 1 ≤ n ≤ 29 that define the optimal lift distributions for both constrained and unconstrained wing loading as
predicted by the wing-structure algorithm for the wing configuration defined
in Table 2.1 with an even non-structural weight distribution and prescribed
structural weight.
Fourier
Coefficient
B1
B3
B5
B7
B9
B11
B13
B15
B17
B19
B21
B23
B25
B27
B29

Constrained Wing Loading
Wr =102 N
Wr =55 N
1
1
-1.89×10−1
1.87×10−2
2.41×10−3
1.10×10−4
−4
5.00×10
2.99×10−7
1.85×10−4
-6.65×10−9
−5
1.48×10
-6.54×10−9
−5
-3.29×10
-7.01×10−9
-1.95×10−5
-5.90×10−9
−6
1.69×10
-7.21×10−9
−6
8.28×10
-5.93×10−9
3.31×10−6
-5.91×10−9
−6
-2.20×10
-6.40×10−9
-2.74×10−6
-4.90×10−9
−7
-2.36×10
-5.68×10−9
−7
1.39×10
-5.38×10−9

Unconstrained
Wr =102 N
1
-3.33×10−1
1.57×10−2
2.33×10−3
-6.19×10−4
-3.28×10−4
1.56×10−4
7.21×10−5
-6.29×10−5
-1.64×10−5
2.99×10−5
1.20×10−6
-1.51×10−6
2.92×10−6
7.58×10−6

Wing Loading
Wr =55 N
1
2.82×10−2
1.66×10−4
4.61×10−7
-9.04×10−9
-7.47×10−9
-2.71×10−9
-8.60×10−9
-3.60×10−9
-6.75×10−9
-2.44×10−9
-5.64×10−9
-6.39×10−9
-3.22×10−9
-5.35×10−9
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corresponds to a decrease in each coefficient’s influence on the lift distribution, structural
weight, and induced drag. Figure 2.9 shows the change in induced drag caused by each of
the Fourier coefficients from Table 2.6 for both values of root weight. By n = 5, the Fourier
coefficient only influences the induced drag on the order of 10−4 N for a root weight of 102
N and 10−5 N for a root weight of 55 N. This suggests that in both cases, the infinite series
of Fourier coefficients that define the lift distribution could be truncated after B3 with little
loss of accuracy. Therefore, an adequate investigation of the influence of the lift distribution
on induced drag can be made by examining the influence of B3 alone.
Figures 2.10 and 2.11 show the induced drag produced using the maximum allowed
wingspan at different values of B3 for the test configuration defined in Table 2.1 with an
even non-structural weight distribution and root weights of 102 N and 55 N, respectively.
Note that the results shown in these figures are lmited to B3 > −1/3. At any value of
B3 < −1/3 with Bn = 0 for n > 3, the lift distribution is no longer spanwise-positive, and
the methods presented in this thesis are no longer valid. Notice that with a root weight
of 102 N, the value of B3 that minimizes induced drag is about -0.19 for constrained wing
loading and -0.333 for unconstrained wing-loading. With a root weight of 55 N, the value of
B3 is very nearly zero for both constrained and unconstrained wing loading. As expected,
these values correspond to the lift distributions shown in Figs. 2.7 and 2.8.

Fig. 2.9: The change in induced drag caused by each Fourier coefficient given
in Table 2.6 for the case of constrained wing loading.
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Up to this point, our analysis has assumed that the total weight is known and that
non-structural weight can vary to compensate for changes in structural weight. However,
neglecting weight lost over time due to fuel consumption, the non-structural weight is typically a constant, fixed by payload requirements. Therefore, it is arguably more realistic to
set the non-structural weight, instead of the total weight, to some fixed value. Our remaining analysis will cover the optimization of the test configuration given in Table 2.1 with

1.6

Fig. 2.10: The induced drag predicted as a function of B3 for the wing defined in
Table 2.1 with root weight of 102 N, an even non-structural weight distribution,
and the maximum allowed wingspan for both constrained and unconstrained
wing loading.

1.6

Fig. 2.11: The induced drag predicted as a function of B3 for the wing defined in
Table 2.1 with root weight of 55 N, an even non-structural weight distribution,
and the maximum allowed wingspan for both constrained and unconstrained
wing loading.
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a spanwise-constant non-structural weight distribution and fixed non-structural weight. It
is important to note that the total non-structural weight includes both weight carried at
the wing root and non-structural weight distributed across the wing. Therefore, if total
non-structural weight is held constant and the root weight is reduced, the non-structural
weight distributed in the wing must increase.
Relaxing the assumption that the total weight is fixed for the wing configuration given
in Table 2.1 with a root weight of 102 N, and distributing a prescribed total non-structural
weight of Wn = 15 N evenly across the wing, the induced drag and structural weight
predicted by the wing-structure algorithm, as a function of both wingspan and B3 , are
shown in Fig. 2.12. Not surprisingly, the optimization algorithm favors a very high-aspect
ratio wing to minimize induced drag when carrying a fixed non-structural weight. Notice
that the optimal lift distribution is obtained by a lift distribution with B3 ≈ −0.18 and
a wingspan that is 147 percent larger than the baseline wingspan given in Table 2.1. The
dashed lines in Fig. 2.12 represent lines of constant structural weight. In our previous

[N]
[N]
[N]
[N]
[N]

wingspan [m]

Fig. 2.12: Variation in induced drag and structural weight with change in
wingspan and B3 for the test configuration given in Table 2.1 with Root Weight
of 102 N, variable total weight, and constant Wn = 15 N distributed evenly
across the wing.
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analyses, the structural weight was held constant at about 6.013 N. Note that if we begin
at an elliptic lift distribution (B3 = 0) and the wingspan shown in Table 2.1, the constraint
of constant structural weight requires that the optimization algorithm follow the 6.013 N
structural weight contour. As expected, drag is minimized along this contour at a wingspan
of about 3.4 [m] and a lift distribution with B3 ≈ −0.19, which matches the results for
constrained wing loading shown in Tables 2.5 and 2.6. However, if structural weight is
allowed to vary, the optimization algorithm is no longer constrained to a single structural
weight contour. Instead, minimum induced drag is achieved with a structural weight that is
35.6 percent of the total weight, and drag is reduced by about 59.8 percent over the baseline
configuration from Table 2.1 with the elliptic lift distribution.
Figure 2.13 shows the same results for the wing configuration from Table 2.1 with a
root weight of 55 N and Wn = 62 N distributed along the wing. The structural weight
predicted for the baseline configuration was about 4.33 N. Beginning at the baseline design
in Fig. 2.13, and following the 4.33 N structural weight contour, drag is minimized with a

[N]
[N]
[N]
[N]
[N]

wingspan [m]

Fig. 2.13: Variation in induced drag and structural weight with change in
wingspan and B3 for the test configuration given in Table 2.1 with Root Weight
of 55 N, variable total weight, and constant Wn = 62 N distributed evenly across
the wing.
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wingspan very near the baseline wingspan and a nearly-elliptic lift distribution, as expected.
If structural weight is not constrained, the optimal lift distribution is still nearly elliptic,
but the wingspan that minimizes induced drag is nearly 180 percent larger than the baseline
wingspan. The overall result is an optimal structural weight that is 38.7 percent of total
weight and a drag reduction of 68.5 percent over the baseline configuration.

CHAPTER 3
STRUCTURAL WEIGHT AND INDUCED DRAG RELATIONS FOR TAPERED AND
ELLIPTIC WINGS
Many modern aircraft have non-rectangular planforms. In particular, tapered planforms are especially common, and elliptic planforms, though less common than tapered
planforms, are used on a variety of aircraft configurations. Applying the approach taken
by Hunsaker et al. [37] to arbitrary wing geometries requires the use of numerical methods.
However, for the specific cases of tapered and elliptic planforms with the non-structural
weight distribution given by Eq. (1.19) and a spanwise-symmetric lift distribution, the approach can be directly extended to develop semi-analytical relations to predict the structural
weight and induced drag on tapered and elliptic wings.
In the development of the lift, drag, and bending moments, Hunsaker et al. [37] made
no assumption about the wing’s planform shape. Therefore, the lift from Eq. (1.3), the drag
from Eq. (1.5), and the bending moments given in Eqs. (1.21) and (1.22) are valid for any
unswept lifting surface, regardless of planform shape. Maintaining all assumptions made by
Hunsaker et al. [37] in the development of the proportionality constant, the section structural
weight can be found using Eqs. (1.23)-(1.25). Notice from Eq. (1.24) that the proportionality
constant, as defined by Hunsaker et al. [37], is a function of the chord distribution. For
a rectangular wing, the chord distribution is constant, and the proportionality constant is
spanwise invariant. However, for a non-rectangular wing, the chord distribution is nonconstant, and the proportionality constant varies at each spanwise section.
For simplicity, it is convenient to rewrite Eq. (1.23) such that the proportionality
constant remains spanwise invariant for non-rectangular planforms
f
fs (z) = |Mb (z)|
W
Sb c(z)/c̄

(3.1)
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In Eq. (3.1), c̄ ≡ S/b is the geometric mean chord length, and the proportionality constant
is redefined as
Sb =

Cσ (tmax /c) c̄ σmax
γ

(3.2)

For a rectangular wing, the ratio of section chord to mean chord in the denominator of
Eq. (3.1) is one, and the equation reduces to Eq. (1.23). For any spanwise symmetric structural weight distribution, the total structural weight can be found by integrating Eq. (3.1)
across the span using the relation
Zb/2 f
|Mb (z)|
Ws (z) = 2
dz
Sb c(z)/c̄

(3.3)

z=0

3.1

Tapered Wings
We first examine the application of the approach taken by Hunsaker et al. [37] to wings

with a linearly tapered chord distribution, as shown in Fig. 3.1. In general, a tapered wing
can be described in terms of the taper ratio, RT , which is the ratio of the chord at the wing
tip to the chord at the wing root. Most tapered wings have a taper ratio less than one.
Using the nomenclature from Fig. 3.1, the The chord distribution for a linearly tapered
wing can be expressed as
c(z) = cr [1 − (1 − RT ) |2z/b|]

(3.4)

Fig. 3.1: Schematic of an unswept wing with a linearly tapered chord distribution.
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The mean geometric chord is simply the average of the root chord and the tip chord

c̄ =

cr
(1 + RT )
2

(3.5)

Using the mean geometric chord to nondimensionalize the chord distribution given in
Eq. (3.4), the dimensionless chord distribution for a wing with linear taper becomes
c(z)
2 [1 − (1 − RT ) |2z/b|]
=
c̄
1 + RT

(3.6)

The total structural weight required to support the bending moments is found by using
Eq. (3.6) in Eq. (3.3) to give
Zb/2
Ws = 2
z=0

fb (z)|
|M
dz
Sb [1 − (1 − RT ) |2z/b|]

(3.7)

Where the proportionality constant is rewritten using the mean geometric chord from
Eq. (3.5) in Eq. (3.2)
Sb =

2Cσ (tmax /c) σmax W
(1 + RT ) γ (W/S) b

(3.8)

The moment distribution derived by Hunsaker et al. [37] in Eq. (1.20) can be used in
Eq. (3.7) to give
h
i
Zb/2 Zb/2 L(z
e 0 ) − na W
fn (z 0 ) − na W
fs (z 0 )
2
Ws =
(z 0 − z)dz 0 dz
Sb
[1 − (1 − RT ) |2z/b|]
z=0

(3.9)

z 0 =z

Equation (3.9) describes the structural weight required to support the bending moments
caused by the lift distribution, structural weight distribution, and the distribution of all
non-structural components in the wing with any load factor, positive or negative.
Following the convention suggested by Hunsaker et al. [37], the load factor, na , can
be expressed in terms of the maneuvering limit, nm , and the hard-landing limit, ng . The
choice of which limit to use is based on the variable κW , which is a function of the amount
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of weight carried at the wing root, as shown in Eq. (1.30). Using this notation and the
non-structural weight distribution defined by Eq. (1.19), Eq. (3.9) can be rewritten as

2κW Wr
Ws =
Sb

Zb/2 Zb/2
z=0 z 0 =z

e 0)
L(z
(z 0 − z)dz 0 dz
L [1 − (1 − RT ) |2z/b|]

(3.10)

Using the lift distribution and the change of variables from Eq. (1.3) in Eq. (3.30) yields
the structural weight required to support the bending moments on a wing with linear taper
and the non-structural weight distribution from Eq. (1.19)
Zπ
∞
κW Wr b2 X
Bn
Ws =
2πSb
n=1

Zπ

θ=π/2 θ0 =θ

sin(nθ0 ) [sin(2θ) sin(θ0 ) − sin(2θ0 ) sin(θ)] 0
dθ dθ
1 + (1 − RT ) cos(θ)

(3.11)

The inner integral in of Eq. (3.11) can be solved analytically using the relations

π θ sin(2θ)


,
for n = 1

Zπ
2 − 2 +
4
0
0
0
sin(nθ ) sin(θ )dθ =


sin [(n + 1)θ] sin [(n − 1)θ]

θ0 =θ

−
, for n 6= 1
2(n + 1)
2(n − 1)

(3.12)


π θ sin(4θ)


,
for n = 2

Zπ
2 − 2 +
8
0
0
0
sin(nθ ) sin(2θ )dθ =

 sin [(n + 2)θ] sin [(n − 2)θ]

θ0 =θ

−
, for n 6= 2
2(n + 2)
2(n − 2)

(3.13)
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When Eqs. (3.12) and (3.13) are used in Eq. (3.11) with an all-positive spanwise-symmetric
lift distribution, the structural weight becomes

Ws =

b2

κW Wr
2πSb



 Zπ [2π − 2θ + sin(2θ)] sin(2θ)
dθ

4 [1 + (1 − RT ) cos(θ)]

θ=π/2

Zπ

−

θ=π/2
Zπ

[sin(3θ) − 3 sin(θ)] sin(θ)
dθ
6 [1 + (1 − RT cos(θ)]

+B3
θ=π/2
Zπ

[sin(4θ) − 2 sin(2θ)] sin(2θ)
dθ
8 [1 + (1 − RT ) cos(θ)]

−B3

θ=π/2

+

∞
X

Zπ
Bn

n=5

−

∞
X
n=5

θ=π/2

[sin(5θ) − 5 sin(θ)] sin(θ)
dθ
10 [1 + (1 − RT ) cos(θ)]

(n − 1) sin [(n + 1)θ] − (n + 1) sin [(n − 1)θ]
sin(2θ)dθ
2(n2 − 1) [1 + (1 − RT ) cos(θ)]

Zπ
Bn
θ=π/2





(n − 2) sin [(n + 2)θ] − (n + 2) sin [(n − 2)θ]
sin(θ)dθ
(3.14)

2(n2 − 4) [1 + (1 − RT ) cos(θ)]


In general, the integrals in Eq. (3.14) are too complex for any useful analytical evaluation.
For the specific case of RT = 1, however, notice that Eq. (3.14) reduces to

Ws =


κW Wr b2  π
π
+ B3
2πSb
16 16

(3.15)

which is equivalent to Eq. (1.31).
The complexity of the integrals in Eq. (3.14) creates two major problems in finding
purely analytical relations to predict the structural weight of linearly tapered wings. First,
because of their complexity, each of the integrals in Eq. (3.14) must be evaluated numerically.
Second, unlike the rectangular wing, the Fourier coefficients, Bn , for n > 3 do not fall
out of Eq. (3.14) when the integrals are evaluated. This means that the expression for
the structural weight for a linearly tapered wing contains an infinite series that must be
truncated at some finite value of Bn .
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The choice of where to truncate Eq. (3.14) can be aided by an investigation of the
terms in the infinite series. In order to facilitate this investigation, it is convenient to
rewrite Eq. (3.14) in the form
κW Wr b2
Ws =
2πSb

C1 +

∞
X

!
Cn B n

(3.16)

n=3

where
Zπ
C1 =

−

θ=π/2
Zπ

θ=π/2
Zπ

Cn =

−

θ=π/2
Zπ

θ=π/2

[2π − 2θ + sin(2θ)] sin(2θ)
dθ
4 [1 + (1 − RT ) cos(θ)]
[sin(3θ) − 3 sin(θ)] sin(θ)
dθ
6 [1 + (1 − RT ) cos(θ)]

(3.17)

(n − 1) sin [(n + 1)θ] − (n + 1) sin [(n − 1)θ]
sin(2θ)dθ
2(n2 − 1) [1 + (1 − RT ) cos(θ)]
(n − 2) sin [(n + 2)θ] − (n + 2) sin [(n − 2)θ]
sin(θ)dθ
2(n2 − 4) [1 + (1 − RT ) cos(θ)]

The magnitude of each coefficient, Cn , from Eq. (3.17) effectively acts as a weighting
factor that describes the amount influence that each Fourier coefficient, Bn , has on the total
structural weight, wingspan, and induced drag. Any numerical integration scheme can be
used to evaluate the integrals in Eq. (3.17). Using Simpson’s 1/3 rule with m evenly-spaced
intervals gives


π
 ft1 ( 2 )


C1 = (π − π/2) 


+4

m−1
P

ft1 (θj ) + 2

j=1,3,5

m−1
P
j=2,4,6

3m


ft1 (θj ) + ft1 (π) 



(3.18)

m−1
m−1
P
P
π
ftn (θj ) + 2
ftn (θj ) + ftn (π) 
 ftn ( 2 ) + 4
j=1,3,5
j=2,4,6


Cn = (π − π/2) 

3m
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where
ft1 (θj ) =

[2π − 2θj + sin(2θj )] sin(2θj ) [sin(3θj ) − 3 sin(θj )] sin(θj )
−
4 [1 + (1 − RT ) cos(θj )]
6 [1 + (1 − RT ) cos(θj )]

ftn (θj ) =

(n − 1) sin [(n + 1)θj ] − (n + 1) sin [(n − 1)θj ]
sin(2θj )
2(n2 − 1) [1 + (1 − RT ) cos(θj )]

−

(3.19)

(n − 2) sin [(n + 2)θj ] − (n + 2) sin [(n − 2)θj ]
sin(θj )
2(n2 − 4) [1 + (1 − RT ) cos(θj )]

and θj is the value of θ at section j. Using Eqs. (3.18) and (3.19), the value of each weighting
coefficient, Cn for 1 ≤ n ≤ 29 was determined at various taper ratios ranging from RT = 0
to RT = 1, and the results are shown in Table B.1 in appendix B, along with equations for
predicting the weighting coefficients for any taper ratio ranging from 0.2 ≤ RT ≤ 1.5.
Equation (3.16) can be easily rearranged to give the wingspan allowed by a linearly
tapered wing configuration with a given total structural weight and lift distribution
1/3



b=



4πCσ (tmax /c)σmax W Ws




∞
P
Cn Bn γ(W/S)Wr
(1 + RT ) C1 +

(3.20)

n=3

Using Eq. (3.20) in Eq. (1.5), the drag induced by an unswept linearly tapered wing can be
written
2
Di =
2
πρV∞

1+

∞
X
n=3

!"
nBn2

(1 + RT ) γ(W/S) κW Wr W 2
4πCσ (tmax /c)σmax
Ws

C1 +

∞
X

!#2/3
Cn B n

(3.21)

n=3

For the case of a triangular wing (RT = 0), numerically integrating Eq. (3.17) presents
another obstacle. Many numerical integration schemes require that the integrand be evaluated at regular intervals, including at the limits of integration. When evaluated at θ = π,
each of the integrands in Eq. (3.17) is indeterminate for the special case of a triangular wing.
However, using L’hosiptal’s rule twice to evaluate the limit of each integrand in Eq. (3.17)
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as θ approaches π gives
lim

[2π − 2θ + sin(2θ)] sin(2θ)
=0
4 [1 + cos(θ)]

lim

[sin(3θ) − 3 sin(θ)] sin(θ)
=0
6 [1 + cos(θ)]

θ→π

θ→π

(3.22)
(n − 1) sin [(n + 1)θ] − (n + 1) sin [(n − 1)θ]
sin(2θ) = 0
θ→π
2(n2 − 1) [1 + cos(θ)]
lim

(n − 2) sin [(n + 2)θ] − (n + 2) sin [(n − 2)θ]
sin(θ) = 0
θ→π
2(n2 − 4) [1 + cos(θ)]
lim

Using the relations in Eq. (3.22), Eqs. (3.18) and (3.19) can be rewritten for triangular
wings

m−1
m−1
P
P
π
f
(
)
+
4
f
(θ
)
+
2
f
(θ
)
t1 j
t1 j 
 t1 2
j=1,3,5
j=2,4,6


C1 = (π − π/2) 

3m




(3.23)
m−1
m−1
P
P
π
f
(
)
+
4
f
(θ
)
+
2
ftn (θj ) 
t
t
j
n
n
2

j=1,3,5
j=2,4,6


Cn = (π − π/2) 

3m







where
ft1 (θj ) =

[2π − 2θj + sin(2θj )] sin(2θj ) [sin(3θj ) − 3 sin(θj )] sin(θj )
−
4 [1 + cos(θj )]
6 [1 + cos(θj )]

ftn (θj ) =

(n − 1) sin [(n + 1)θj ] − (n + 1) sin [(n − 1)θj ]
sin(2θj )
2(n2 − 1) [1 + cos(θj )]

−

(n − 2) sin [(n + 2)θj ] − (n + 2) sin [(n − 2)θj ]
sin(θj )
2(n2 − 4) [1 + cos(θj )]

(3.24)
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Equations (3.23) and (3.24) were used to find the weighting coefficients for RT = 0 in
Table B.1.

3.2

Elliptic Wings
Another relatively common non-rectangular planform shape is the elliptic planform.

Using the nomenclature from Fig. 3.2, the elliptic chord distribution can be expressed as

c(z) = cr

p
1 − (2z/b)2

(3.25)

The mean geometric chord can be expressed in terms of the root chord

c̄ =

4
πcr

(3.26)

Using Eq. (3.26) to nondimensionalize the chord distribution from Eq. (3.25), the dimensionless elliptic chord distribution becomes
4p
c(z)
=
1 − (2z/b)2
c̄
π

(3.27)

Fig. 3.2: Schematic of an unswept wing with an elliptic chord distribution

45
Equation (3.27) can be used in Eq. (3.3) to give the structural weight required to support
the bending moments on an elliptic wing
Zb/2
Ws = 2
z=0

f (z)|
|M
p b
dz
Sb 1 − (2z/b)2

(3.28)

where the proportionality constant is rewritten as

Sb =

4Cσ (tmax /c)σmax W
πγ(W/S)b

(3.29)

Using the bending moment distribution for the non-structural weight from Eq. (1.19), the
structural weight for a wing with an elliptic chord distribution can be rewritten

2κW Wr
Ws =
Sb

Zb/2 Zb/2
z=0 z 0 =z

e 0)
L(z
p
(z 0 − z)dz 0 dz
L 1 − (2z/b)2

(3.30)

Using the change of variables from Eq. (1.3), Eq. (3.30) becomes
Zπ
∞
κW Wr b2 X
Ws =
Bn
2πSb
n=1

Zπ

θ=π/2 θ0 =θ


sin(2θ)
0
0
sin(θ ) − sin(2θ ) dθ0 dθ
sin(nθ )
sin(θ)
0



(3.31)
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The inner integral in Eq. (3.31) can be evaluated for an all-positive spanwise-symmetric lift
distribution using the relations from Eqs. (3.12)-(3.13) to give

 Zπ
Zπ
κW Wr b2 
[2π − 2θ + sin(2θ)] sin(2θ)
[sin(3θ) − 3 sin(θ)]
Ws =
dθ −
dθ
2πSb 
4
sin(θ)
6

θ=π/2

Zπ
+B3

[sin(4θ) − 2 sin(2θ)] sin(2θ)
dθ − B3
8 sin(θ)

∞
X
n=5

[sin(5θ) − 5 sin(θ)]
dθ
10

θ=π/2

θ=π/2

+

θ=π/2
Zπ

Zπ
Bn
θ=π/2

−

∞
X
n=5

(n − 1) sin [(n + 1)θ] − (n + 1) sin [(n − 1)θ]
sin(2θ)dθ
2(n2 − 1) sin(θ)
Zπ
Bn
θ=π/2





(n − 2) sin [(n + 2)θ] − (n + 2) sin [(n − 2)θ]
dθ
(3.32)

2(n2 − 4)


Unlike Eq. (3.14), the integrals in Eq. (3.32) can be integrated analytically to give an
expression for the structural weight required to support the bending moments on an elliptic
wing with the non-structural weight distribution given by Eq. (1.19)
κW Wr b2
Ws =
2πSb

(

)

∞
16 π X
16
− +
Bn
9
2
n(n2 − 4)2

(3.33)

n=3

Like Eq. (3.14), Eq. (3.33) describes an infinite series that must be truncated at some
finite value. However, as was done with Eq. (3.14), the choice of how many terms to carry
can be made based on the influence that each term has on the structural weight. Using
weighting coefficients, Cn , Eq. (3.33) can be rewritten in in the form of Eq. (3.16) where
16 π
−
2
9

16
Cn =
n(n2 − 4)2
C1 =

(3.34)

and the proportionality constant is defined by Eq. (3.29). The weighting coefficients, Cn , for
the elliptic wing with a symmetric lift distribution for 1 ≤ n ≤ 29 are shown in Table (B.1).
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Equation (3.16) can be used to to solve for the wingspan allowed by a given lift distribution and structural weight on a wing with an elliptic chord distribution
1/3





8Cσ (tmax /c)σmax W Ws


b=

∞

P
C1 +
Cn Bn γ(W/S)Wr

(3.35)

n=3

Using Eq. (3.35) in Eq. (1.5), the drag induced by an unswept elliptic wing can be written
2
Di =
2
πρV∞

1+

∞
X

!"
nBn2

n=3

κW Wr W 2
γ(W/S)
8Cσ (tmax /c)σmax
Ws

C1 +

∞
X

!#2/3
Cn B n

(3.36)

n=3

In the following sections, the structural weight and induced drag predicted by the equations developed in this chapter are compared to results obtained using the numerical wingstructure algorithm. The equations are used to optimize the lift distribution for both the
tapered and elliptic planform.

3.3

Example Solutions
In this section, the structural weight and induced drag for an unswept linearly tapered

wing with taper ratio of RT = 0.5 and an unswept elliptic wing are predicted using the
equations developed in this chapter, and the results are compared to those obtained using
the numerical wing-structure algorithm developed in the previous chapter. The properties
of the baseline wing and support beam configuration are given in Table 3.1. Like Table 2.1,
all values shown in Table 3.1 are assumed to be constant unless otherwise specified. For all
of the results, the non-structural weight distribution given by Eq. (1.19) is assumed.
Table 3.1: Properties of test wing and support beam configuration.
b [m]
3.1

S [m2 ]
0.682

tmax /c
0.12

σmax [Pa]
310 × 106

h/tmax
0.984

γ
26500

W [N]
122

Wr [N]
102

nm , ng
10

ρ [kg/m3 ]
1.223

V∞ [m/s]
19

m
100
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Using the equations developed in this chapter, the structural weight and induced drag
are easily found for both the tapered and elliptic planform. This process requires little
computational effort. However, as shown in the previous chapter, the numerical wingstructure algorithm can also be used to predict the structural weight and induced drag for
the same configurations. In order to assess the algorithm’s accuracy for tapered and elliptic
wings, results obtained using the two methods are presented side-by-side in Table 3.2.
Results are shown for the total structural weight and induced drag on both the tapered
and elliptic wing with three different lift distributions. Note that in all cases, the results
predicted by the algorithm match those found using the equations developed in this chapter
to high precision. Again, the results are equal out to nine significant figures, which is well
within the level of accuracy to which these values can be measured. As expected, the chord
distribution has no influence on the induced drag, but it does affect the structural weight. It
is also interesting to note that the elliptic planform requires about 3 percent less structural
weight than the tapered planform for each of the lift distributions shown.
The distribution of structural weight for the elliptic planform is also noticeably different
than the distribution of structural weight for the tapered planform. Figure 3.3 shows a
Table 3.2: Comparison of structural weight and induced drag found by the wingstructure algorithm to those found using semi-analytical relations for the wing
configuration given in Table 3.1 with the non-structural weight distribution
given by Eq. (1.19) and fixed total weight.
Linearly Tapered Planform (RT = 0.5)
Lift Distribution
Elliptic [Eq. (1.6)]
Prandtl [Eq. (1.12)]
Hunsaker et al. [37] [Eq. (1.39)]

Induced Drag [N]
Algorithm Eq. (3.21)
2.2333
2.2333
2.9777
2.9777
2.3565
2.3565

Structural Weight [N]
Algorithm
Eq. (3.16)
5.1743
5.1743
3.3776
3.3776
4.4432
4.4432

Induced Drag [N]
Algorithm Eq (3.36)
2.2333
2.2333
2.9777
2.9777
2.3565
2.3565

Structural Weight [N]
Algorithm
Eq. (3.33)
5.0073
5.0073
3.2870
3.2870
4.3072
4.3072

Elliptic Planform
Lift Distribution
Elliptic [Eq. (1.6)]
Prandtl [Eq. (1.12)]
Hunsaker et al. [37] [Eq. (1.39)]
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comparison of the structural weight distributions for the tapered, elliptic, and rectangular
planform, under the loads produced by an elliptic lift distribution and the non-structural
weight distribution given by Eq. (1.19). A summary of the induced drag and total structural
weight for each wing is shown in Table 3.3. Once again, we see that induced drag is not
affected by the planform shape when the lift distribution, total weight, and wingspan are
held constant. However, the tapered planform requires 14.4 percent less structural weight
than the rectangular planform, and the elliptic planform requires 17.2 percent less structural
weight.

Fig. 3.3: Comparison of structural weight distributions predicted by the wingstructure algorithm for the wing from Table 3.1 with an elliptic lift distribution,
the non-structural weight distribution from Eq. (1.19), and three different chord
distributions.

Table 3.3: Summary of results for induced drag and total structural weight for
the wing configuration defined in Table 3.1 with an elliptic lift distribution and
the non-structural weight distribution given by Eq. (1.19).
Chord Distribution
Rectangular
Taper [RT = 0.5]
Elliptic

Induced Drag [N]
2.2333
2.2333
2.2333

Structural Weight [N]
6.0480
5.1743
5.0073
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3.4

Optimization
As shown in the previous chapter, the numerical wing-structure algorithm can be cou-

pled with an optimization algorithm to predict the lift distribution that minimizes induced
drag for a variety of wing configurations. For wings with linearly tapered and elliptic chord
distributions, the equations developed in this chapter can be used in the same way. In this
section, an optimization algorithm is used to determine the optimal lift distributions and
wingspans for wings with linearly tapered and elliptic chord distributions by varying the
lift distribution and wingspan in the equations for induced drag. For each case, the lift
distribution is constrained to be all-positive and wing loading is held constant as wingspan
varies.
We first examine the optimization of the lift distribution on a tapered wing with taper
ratio of RT = 0.5 and an elliptic wing with the structural weight constrained to the value
required to support the baseline configuration from Table 3.1 using an elliptic lift distribution. Because the tapered wing requires slightly more structural weight than the elliptic
wing to support an elliptic lift distribution, the tapered wing is optimized with slightly
more total structural weight than the elliptic wing. Figures 3.4 and 3.5 show the optimal
lift distributions for the tapered and elliptic wing, respectively, plotted against the elliptic
lift distribution. The non-zero Fourier coefficients that define the optimal lift distributions

1.6

Fig. 3.4: Comparison between the elliptic lift distribution and the optimal lift
distribution for the wing from Table 3.1 with fixed structural weight, the nonstructural weight distribution given in Eq. (1.19), and a taper ratio of RT = 0.5.
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1.6

Fig. 3.5: Comparison between the elliptic lift distribution and the optimal lift
distribution for the wing from Table 3.1 with fixed structural weight, the nonstructural weight distribution given in Eq. (1.19), and an elliptic chord distribution.
shown in Figs. 3.4 and 3.5 are given in Table 3.4.
Notice that these two lift distributions are nearly equal. In fact, the wingspan increase
and drag reduction achieved by using the optimal lift distribution on the tapered planform
fall within one percent of those achieved by using the optimal lift distribution on the elliptic
planform. Whereas for the tapered wing, the optimal lift distribution allows a wingspan
increase of 5.6 percent and a drag reduction of 4.7 percent over the elliptic lift distribution,
the optimal lift distribution on the elliptic planform allows a 5.5 percent increase in wingspan
Table 3.4: Non-zero Fourier coefficients that define the optimal lift distributions for a tapered wing (RT = 0.5) and an elliptic wing, as predicted by the
wing-structure algorithm for the configuration defined in Table 2.1 with the
non-structural weight distribution given in Eq. (1.19) and prescribed structural
weight.
Fourier Coefficient
B1
B3
B5
B7
B9
B11
B13
B15

Tapered (RT = 0.5)
1
-1.45×10−1
-3.16×10−3
-1.30×10−4
-4.28×10−5
-1.49×10−5
-4.21×10−6
-2.34×10−6

Elliptic
1
-1.42×10−1
-2.89×10−3
-3.15×10−4
-6.74×10−5
-1.88×10−5
-7.07×10−6
-2.13×10−6
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and a 4.6 percent reduction in induced drag over the elliptic lift distribution. The values of
induced drag and wingspan for each of these lift distributions are shown in Table 3.5.
It should be emphasized that the results shown in Table 3.5 cannot be used to compare
the drag induced by a tapered planform to that induced by an elliptic planform because
the total structural weight is constrained to a different value for each planform. In order
to use the relations developed in this chapter to compare the drag induced by various
chord distributions, wings with a fixed lift distribution and equal structural weight must be
compared. As seen in Table 3.2, the same lift distribution and wingspan require different
values of structural weight for the tapered and elliptic planforms. Therefore, if the chord
distribution is varied and lift distribution is held constant, the wingspan must vary in order
to maintain constant structural weight.
Table 3.6 shows the wingspan and induced drag for the wing configuration from Table 3.1 with a fixed structural weight and a rectangular chord distribution, a tapered chord
distribution with taper ratio of RT = 0.5, and an elliptic chord distribution. As expected,
of these three chord distributions, the elliptic distribution produces the least induced drag.
From Table 3.6 we see that the tapered planform allows a wingspan increase of 5.3 percent
Table 3.5: Summary of results for wingspan and induced drag for the test
wing given in Table 3.1 with the non-structural weight distribution given by
Eq. (1.19) and prescribed structural weight.
Lift Distribution
Elliptic [Eq. (1.6)]
Optimal [Tapered (RT = 0.5)]
Optimal [Elliptic]

Wingspan [m]
3.100
3.274
3.269

Induced Drag [N]
2.233
2.129
2.131

Table 3.6: Summary of results for wingspan and induced drag achieved by the
test wing given in Table 3.1 with the non-structural weight distribution given
by Eq. (1.19), an elliptic lift distribution, and prescribed structural weight.
Chord Distribution
Rectangular
Tapered (RT = 0.5)
Elliptic

Wingspan [m]
3.100
3.265
3.301

Induced Drag [N]
2.233
2.013
1.969
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and an induced drag reduction of 9.9 percent over the rectangular planform, and the elliptic
planform allows an increase in wingspan of 6.5 percent and a decrease in induced drag of
11.8 percent. It is interesting to note that, in these cases, the drag reductions achieved
by changing the chord distribution from rectangular to tapered or elliptic are greater than
those achieved by optimizing lift distribution on a fixed chord distribution.
Because the optimal lift distribution for a wing with either a tapered or elliptic chord
distribution is a function of multiple Fourier coefficients, Bn , an analysis of the effect of
lift distribution on the induced drag and structural weight using all Fourier coefficients is
difficult. However, as shown in the previous chapter, because the influence of the Fourier
coefficients decreases as n increases for rectangular wings, the lift distribution can often be
approximated using B3 alone. This is also true for tapered and elliptic planforms. Figure 3.6
shows a plot of the influence of each Fourier coefficient from Table 3.4 on the induced drag
for both a tapered and elliptic planform. Like the rectangular wing examined in the previous
chapter, by n = 5, the Fourier coefficient changes the induced drag on the order of 10−4
N. This suggests that a good approximation for the lift distribution can be made using B3
alone.
As the lift distribution varies, the structural weight distribution will also vary, allowing
changes in wingspan and induced drag. Using the optimal wingspan at each lift distribution,
10−1

Tapered Planform
Elliptic Planform

log(∆Di )

10−3
10−5
10−7
10−9
10−11
3

5

7

9
n

11

13

15

Fig. 3.6: The change in induced drag caused by each Fourier coefficient given
in Table 3.4 for a tapered planform (RT = 0.5) and an elliptic planform.
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the induced drag is plotted against B3 for a tapered wing with taper ratio of RT = 0.5 and
an elliptic wing in Figure B.2. Notice that induced drag is minimized near B3 ≈ −0.14 for
both the tapered and elliptic planform, which matches the values shown in Table 3.4.
The results shown in Fig. B.2 represent optimization with a single constrained value of
structural weight. However, as mentioned in the previous chapter, it is often more realistic
to constrain the non-structural weight and allow structural weight and total weight to vary.
Fixing the non-structural weight, the induced drag and structural weight were found as
a function of wingspan and B3 for both the tapered and elliptic chord distribution with
fn =15 N distributed across the wing according to Eq. (1.19).
a non-structural weight of W
The results are shown in Figs. 3.8 and 3.9.

If structural weight is allowed to vary, the

optimal configuration for a tapered wing allows a wingspan increase of 258 percent and
a drag reduction of 71.6 percent over the baseline design with a value for total structural
weight that is 48.4 percent of the total weight. The optimal configuration for an elliptic
wing increases wingspan by 262 percent, giving a drag reduction of 72.1 percent and value
for structural weight that is 48.4 percent of the total weight.
Note the differences between the trends shown in Figs. 3.8 and 3.9 and those shown in
Figs. 2.12 and 2.13. For tapered and elliptic wings, if structural weight is increased beyond

1.6

Fig. 3.7: Induced drag as a function of B3 for a tapered wing a taper ratio of
RT = 0.5 and an elliptic wing, both with the properties from Table 3.1, the nonstructural weight distribution given in Eq. (1.19), and the maximum allowed
wingspan for each value of B3 .

55

[N]
[N]
[N]
[N]
[N]

wingspan [m]

Fig. 3.8: Variation in induced drag and structural weight with change in
wingspan and B3 for the test configuration given in Table 3.1 with a taper
ratio of RT = 0.5, the non-structural weight distribution from Eq. (1.19), and
variable total weight.
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[N]
[N]
[N]

wingspan [m]

Fig. 3.9: Variation in induced drag and structural weight with change in
wingspan and B3 for the test configuration given in Table 3.1 with an elliptic chord distribution, the non-structural weight distribution from Eq. (1.19),
and variable total weight.
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the optimal structural weight value, notice that the drag increases very quickly. It is not
clear whether this sharp increase in induced drag represents a physical phenomenon or if
it is a numerical artifact of the wing-structure algorithm. However, some investigation into
the numerics in this region may reveal the reason for this behavior.

CHAPTER 4
CONCLUSION
A wide variety of low-fidelity methods have been developed to predict the optimal spanwise load distribution on an aircraft configuration. In general, these methods have shown
that lift distributions that shift lift inboard alleviate moments at the wingtips, allowing a
larger wingspan with no added structural weight. As seen in Eq. (1.5), certain lift distributions that allow larger wingspans without changing total weight may induce less drag than
the elliptic lift distribution. For example, Prandtl [31] found an optimal lift distribution
under the assumptions of fixed gross weight and moment of inertia of gross weight that
allowed a 22.5 percent larger wingspan and produced 11.1 percent less induced drag than
the elliptic lift distribution. Building on Prandtl’s work, Hunsaker et al. [37] found a lift
distribution under the constraints of prescribed gross weight, maximum stress, and wing
loading that allowed a 4.98 percent larger wingspan and produced 4.25 percent less induced
drag than the elliptic lift distribution.
The analytical approaches taken by Prandtl [31] and Hunsaker et al. [37] both assumed
a straight, rectangular wing of constant cross-section. Hunsaker et al. [37] also limited their
work to the non-structural weight distribution from Eq. (1.19) in order to obtain analytical
solutions. However, if wing geometry is allowed to vary along the span, or if some nonstructural weight distribution other than that specified in Eq. (1.19) is used, the approaches
taken by Prandtl [31] and Hunsaker et al. [37] fail to produce analytical solutions. It has been
shown that the approach taken by Hunsaker et al. [37] for analytically predicting structural
weight and induced drag of rectangular wings can be applied to wings with non-rectangular
chord distributions.
An algorithm that iteratively solves for the structural weight of a wing configuration
with arbitrary geometry and non-structural weight distribution was developed. This algorithm makes use of a high-order numerical integration scheme to evaluate the integrals
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in the relations developed by Hunsaker et al. [37]. It has been shown that this algorithm
gives results that match those found analytically by Hunsaker et al. [37] for a rectangular
wing with the non-structural weight distribution given by Eq. (1.19). The algorithm’s predictions for structural weight and its results for optimal lift distribution with and without
constraints on wing loading also match those found by Hunsaker et al. [37].
The algorithm was also used to find predictions for structural weight and the optimal
lift distributions for a rectangular wing configuration with an even spanwise distribution of
non-structural weight. The algorithm’s results suggest that with a root weight of 102 N,
if total weight is constrained, the optimal lift distribution found with fixed wing loading
allows a wingspan increase of 9.4 percent and a drag reduction of 5.7 percent over the
elliptic lift distribution. If the non-structural weight is constrained and the total weight is
allowed to vary, the optimal lift distribution allows a wingspan that is 147 percent larger
than the baseline wing configuration and gives a reduction in induced drag of 59.8 percent.
If root weight is reduced to 55 N, the optimal lift distributions are nearly elliptic, and
the change in wingspan and induced drag allowed by the optimal lift distribution is less
than one percent for both constrained and unconstrained wing loading. For the case of
constrained non-structural weight and variable total weight, the optimal lift distribution is
also very nearly elliptic, but the wingspan can be increased by over 180 percent, giving a
drag reduction of 68.5 percent over the baseline configuration. It was shown that whereas
the optimal lift distribution for this configuration is a function of all Fourier coefficients,
the influence of each coefficient, Bn , for n ≥ 5 on induced drag is minimal for both values
of weight carried at the wing root.
Relations for predicting the structural weight and induced drag for wings with linearly tapered and elliptic chord distributions were developed. Numerical integration was
employed to determine weighting coefficients for the Fourier coefficients in the equations
for structural weight, induced drag, and wingspan. These semi-analytical relations were
used to predict the structural weight and induced drag for the wing configuration defined in
Table 3.1. The results were compared to those obtained using the wing-structure algorithm
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developed in the previous chapter. The two methods were shown to give matching values
for structural weight and induced drag.
Using a numerical optimization routine, the optimal lift distributions for the wing
configuration from Table 3.1 with a tapered chord distribution with taper ratio of RT = 0.5
and an elliptic chord distribution were found. The optimal lift distribution for the tapered
wing allowed a wingspan increase of 5.4 percent and an induced drag reduction of 4.7 percent
over the elliptic lift distribution for the same total structural weight. The optimal lift
distribution for an elliptic wing allowed the wingspan to increase by 5.5 percent, reducing
induced drag by 4.6 percent over the elliptic solution. Fixing the lift distribution and
constraining the structural weight to a single value, the tapered planform was shown to
allow an increase in wingspan of 5.3 percent and reduce induced drag by 9.9 percent over
the rectangular planform. The elliptic planform allowed wingspan to increase by 6.5 percent
and gave a reduction in induced drag of 11.8 percent.
Holding non-structural weight constant with no constraint on total weight or structural
weight, the optimal configuration for the tapered wing was shown to have a wingspan that
is 258 percent larger than the baseline design, with a value for structural weight that is
48.4 percent of the total weight, giving a reduction in induced drag of 71.6 percent. For
the elliptic wing, it was shown that the optimal wingspan is 262 percent larger than the
baseline design, the structural weight is 48.4 percent of the total weight, and the induced
drag is reduced by 72.1 percent.
The analysis in this thesis only gives results for a rectangular wing with two specific
non-structural weight distributions, a wing with linearly tapered chord distribution, and a
wing with an elliptic chord distribution. However, the methods presented in chapter two can
be applied in a similar manner to wings with arbitrary unswept geometry and non-structural
weight distribution, and the approach taken in chapter three can be applied to other unswept
non-rectangular planforms. It is anticipated that these methods can be successfully applied
to a wide variety of practical configurations in the conceptual and preliminary design stages
and provide greater insight into the coupling of aerodynamics and wing structures.
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Appendix A
Numerically Integrated Equations for Wings Discretized using a Clustering Scheme
The numerical algorithm presented in chapter two of this paper assumes a wing that
has been discretized with even spacing in z. However, for many clustering schemes, it is
convenient to evenly space nodes in θ. Each of the equations in the development of the
numerical algorithm can be rewritten in terms of θ using the change of variables from
Eq. (1.3) and the relation
b sin θ
dz =
dθ
(A.1)
2
It is also important to remember when carrying out integration that all distributions are
spanwise-symmetric and that each distribution is integrated across a single semispan. This
means that θ in Eq. (1.3) ranges between 0 < θ < π/2 with θ0 = π/2 and θm = 0.
Using the change of variables from Eq. (1.3) and the relation given by Eq. (A.1), the
non-dimensional lift distribution from Eq. (2.1) becomes
!
"
#
∞
X
e
bL
4
sin θj +
Bn sin θj
(A.2)
=
L
π
j

n=2

Using the same change of variables, the total non-structural weight from Eq. (2.2) can be
rewritten
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Wnj sin θj + 2
Wnj sin θj + Wnm sin θm 
 Wn0 sin θ0 + 4
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Wn = −b (θm − θ0 ) 

3m


(A.3)
and the total structural weight from Eq. (2.3) becomes
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fsm sin θm
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j
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 0
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Ws = −b (θm − θ0 ) 
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(A.4)
Using Eq. (A.1) and the change of variables from Eq. (1.3), the maneuvering-flight section
bending moment from Eq. (2.4) and hard-landing section bending moment from Eq. (2.5)
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The even non-structural weight distribution from Eq. (2.9) should also be modified for a
wing with even spacing in θ. Rewriting Eq. (2.8) in terms of θ gives


m−1
m−2
P
P
sin θj + 2
sin θj + sin θm 
 sin θ0 + 4
j=2,4,6
j=1,3,5


f
Wn = −b (θm − θ0 ) Wn 
(A.7)

3m


which can be rearranged to find the section non-structural weight for an even non-structural
weight distribution in θ
fn = −
W

3mWn
"
b(θm − θ0 ) sin θ0 + 4
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P
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sin θj + 2
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#
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(A.8)

67

Appendix B
Weighting Coefficients for Tapered and Elliptic Wings
The structural weight and induced drag for tapered and elliptic wings are both functions
of all of the Fourier coefficients, Bn that describe the lift distribution. For a general lift
distribution, there may be an infinite number of these coefficients. As seen in Eq. (3.16), the
amount of influence that each Fourier coefficient has on the structural weight and induced
drag is dependent upon a weighting coefficient, Cn . The values of Cn depend on the shape of
the wing. For tapered wings, the weighting coefficients are given by Eq. (3.17); for triangular
wings, Eq. (3.23) defines the coefficients; and for elliptic wings, Eq. (3.34) is used. Using
numerical integration, the values for the weighting coefficients, Cn , for 1 ≤ n ≤ 29 were
found for various taper ratios and the elliptic planform. Results are shown in Table B.1.
The weighting coefficients from Table B.1 can be used for any of the taper ratios shown,
but for a wing with arbitrary taper ratio, it is useful to find relations to quickly predict
the weighting coefficients, Cn , for any given taper ratio. One method for developing these
relations is to use a curve fit.
Using numerical integration, the weighting coefficients for all odd n at a wide range of
taper ratios were found, and are shown in Figs. B.1-B.15. For each value of n, the weighting
coefficient, Cn , as a function of taper ratio RT was fit using a sixth-order polynomial of the
form
Cn = a0 + a1 RT + a2 RT2 + a3 RT3 + a4 RT4 + a5 RT5 + a6 RT6
(B.1)
where an are fit coefficients. The values of the fit coefficients for each Cn with odd n in the
range 1 ≤ n ≤ 29 are shown in Table B.2. The curves described by Eq. (B.1) are shown
alongside the data obtained using numerical integration in Figs. B.1-B.15
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Table B.1: Weighting coefficients, Cn , for various taper ratios and the elliptic
planform with all odd n in the range 1 ≤ n ≤ 29.

C1
C3
C5
C7
C9
C11
C13
C15
C17
C19
C21
C23
C25
C27
C29
C1
C3
C5
C7
C9
C11
C13
C15
C17
C19
C21
C23
C25
C27
C29

RT =0
0.27716159
0.31561945
0.04318975
0.00760847
0.00342351
0.00118898
0.00075613
0.00033871
0.00025479
0.00013071
0.00010865
0.00006066
0.00005388
0.00003188
0.00002969
RT =0.6
0.21737105
0.22419965
0.00605916
-0.00046465
0.00015792
-0.00006439
0.00003147
-0.00001723
0.00001024
-0.00000648
0.00000430
-0.00000296
0.00000211
-0.00000155
0.00000116

RT =0.1
0.26155029
0.28931756
0.02879729
0.00219458
0.00095812
0.00000512
0.00010620
-0.00002778
0.00002570
-0.00001350
0.00000986
-0.00000653
0.00000475
-0.00000345
0.00000259
RT =0.7
0.21140162
0.21611788
0.00410915
-0.00037786
0.00011872
-0.00004854
0.00002367
-0.00001295
0.00000770
-0.00000486
0.00000323
-0.00000223
0.00000159
-0.00000116
0.00000087

RT =0.2
0.24966304
0.27071867
0.02082543
0.00051974
0.00048609
-0.00009704
0.00006642
-0.00003315
0.00002042
-0.00001281
0.00000854
-0.00000589
0.00000420
-0.00000308
0.00000231
RT =0.8
0.20596131
0.20887493
0.00249748
-0.00026275
0.00007952
-0.00003247
0.00001582
-0.00000865
0.00000514
-0.00000325
0.00000215
-0.00000148
0.00000106
-0.00000077
0.00000058

RT =0.3
0.23983110
0.25600078
0.01543709
-0.00015985
0.00032466
-0.00010446
0.00005500
-0.00002978
0.00001780
-0.00001127
0.00000748
-0.00000517
0.00000368
-0.00000270
0.00000202
RT =0.9
0.20096566
0.20232275
0.00114623
-0.00013397
0.00003991
-0.00001627
0.00000792
-0.00000433
0.00000257
-0.00000162
0.00000108
-0.00000074
0.00000053
-0.00000039
0.00000029

RT =0.4
0.23139248
0.24377706
0.01149121
-0.00042757
0.00024850
-0.00009419
0.00004690
-0.00002569
0.00001530
-0.00000968
0.00000643
-0.00000444
0.00000316
-0.00000231
0.00000173
RT =1
0.19634954
0.19634954
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

RT =0.5
0.22398241
0.23332287
0.00846144
-0.00049724
0.00019910
-0.00007984
0.00003919
-0.00002148
0.00001278
-0.00000808
0.00000536
-0.00000370
0.00000264
-0.00000193
0.00000145
Elliptic
0.20698145
0.21333333
0.00725624
0.00112875
0.00029984
0.00010626
0.00004521
0.00002184
0.00001159
0.00000661
0.00000399
0.00000252
0.00000166
0.00000113
0.00000079
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Table B.2: Fit coefficients for the weighting curves for each Cn with odd n in
the range 1 ≤ n ≤ 29 at taper ratios ranging from 0.2 ≤ RT ≤ 1.5.
C1
C3
C5
C7
C9
C11
C13
C15
C17
C19
C21
C23
C25
C27
C29
C1
C3
C5
C7
C9
C11
C13
C15
C17
C19
C21
C23
C25
C27
C29

a0
0.27263809
0.30641236
0.03861373
0.00415272
0.00131508
0.00001597
0.00010667
-0.00004111
0.00002557
-0.00001617
0.00001073
-0.00000740
0.00000527
-0.00000386
0.00000289
a4
0.00796686
0.01792254
0.17340565
0.08145688
0.02462888
0.00552026
0.00112054
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

a1
-0.13235460
-0.21072368
-0.12291735
-0.03031805
-0.00709659
-0.00117865
-0.00031870
0.00003617
-0.00002557
0.00001617
-0.00001073
0.00000740
-0.00000527
0.00000386
-0.00000289
a5
0.00000000
0.00000000
-0.06769832
-0.03318498
-0.01051595
-0.00242875
-0.00049856
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

a2
0.08820048
0.16648819
0.21170802
0.07859299
0.01969800
0.00409820
0.00078674
0.00000748
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
a6
0.00000000
0.00000000
0.01105565
0.00556527
0.00182027
0.00043041
0.00008910
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000

a3
-0.04010128
-0.08374987
-0.24416738
-0.10626484
-0.02984969
-0.00645743
-0.00128580
-0.00000254
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
0.00000000
RMS
0.00534559
0.00791355
0.00235543
0.00176525
0.00104193
0.00058846
0.00028810
0.00020678
0.00016191
0.00012791
0.00009031
0.00007252
0.00005586
0.00004415
0.00003550
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Fig. B.1: Weighting coefficient for n = 1 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.2: Weighting coefficient for n = 3 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.3: Weighting coefficient for n = 5 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.4: Weighting coefficient for n = 7 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.5: Weighting coefficient for n = 9 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.6: Weighting coefficient for n = 11 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.7: Weighting coefficient for n = 13 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.8: Weighting coefficient for n = 15 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.9: Weighting coefficient for n = 17 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.10: Weighting coefficient for n = 19 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.11: Weighting coefficient for n = 21 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.12: Weighting coefficient for n = 23 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.13: Weighting coefficient for n = 25 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.14: Weighting coefficient for n = 27 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Fig. B.15: Weighting coefficient for n = 29 at taper ratios ranging from
0.2 ≤ RT ≤ 1.5.
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Appendix C
Wing-Structure Algorithm Code
#Wing_structure_m.py contains functions used for
# -Reading Input File
# -Geometry Setup
# -Discretization
# -Moment Calculations
# -Wing Structure Calculations
# -Non-Structural Weight Calculations
# -Solver
import sys
import os
import numpy as np
import math as ma
import json
from collections import OrderedDict
import time
import integrators as ints
import dist_functions as df
class Domain(object):
_slots_=[’wing’,’spar’,’M’,’W’,’n’,’f’,’L’,’D_i’]
def __init__(self,filename,comment_flag=0):
self.wing=self.Wing()
self.spar=self.Spar()
self.M=self.Moments()
self.W=self.Weight()
self.n=self.Limits()
self.f=self.Flight()
self.L=self.Lift_Distribution()
#initialize data_structure
self.init(filename,comment_flag)
#discretize wing
self.wing.discretize()
#determine remaining geometry
self.geom()
#Find Lift_Distribution
self.lift_dist()
def unpackplane(self):
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#######################################################################
#####
#####
#####
unpackplane Function
#####
#####
#####
#######################################################################
#unpackplane function divides up the class plane into individual classes
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
#outputs:
# -wing=data structure containing wing geometry information
# -spar=data structure containing spar geometry information
# -M=data structure containing moment information
# -W=data structure containing weight information
# -n=data structure containing load factor information
# -f=data structure containing flight conditions
# -L=data structure containing lift distribution information
#---------------------------------------------------------------------wing=self.wing
spar=self.spar
M=self.M
W=self.W
n=self.n
f=self.f
L=self.L
return wing,spar,M,W,n,f,L
def packplane(self,wing,spar,M,W,n,f,L):
#######################################################################
#####
#####
#####
packplane Function
#####
#####
#####
#######################################################################
#packplane function combines all classes into plane class
#---------------------------------------------------------------------#inputs:
# -wing=data structure containing wing geometry information
# -spar=data structure containing spar geometry information
# -M=data structure containing moment information
# -W=data structure containing weight information
# -n=data structure containing load factor information
# -f=data structure containing flight conditions
# -L=data structure containing lift distribution information
# -self=data structure containing compiled problem scenario
#outputs:
# -self=data structure containing compiled problem scenario
#---------------------------------------------------------------------self.wing=wing
self.spar=spar
self.M=M
self.W=W
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self.n=n
self.f=f
self.L=L
def init(self,filename,comment_flag):
#######################################################################
#####
#####
#####
Init Function
#####
#####
#####
#######################################################################
#init function initializes data structures with values from input file
#---------------------------------------------------------------------#inputs:
# -filename=file containing aircraft geometry
# -self=data structure containing problem scenario
#
-comment_flag = flag that determines whether comments
should be displayed
#outputs:
# #---------------------------------------------------------------------with open(filename) as file:
data = json.load(file, object_pairs_hook = OrderedDict)
#Initialize distribution types to ’null’
self.type_init()
#initialize distributions according to specification in input file
self.wing.c,self.wing.c_type=distributions_init(data,’wing’,’chord’,
comment_flag)
self.wing.t_c,self.wing.t_c_type=distributions_init(data,’wing’,
’thickness_chord’,comment_flag)
self.W.ntilde,self.W.ns_dist_type=distributions_init(data,’weight’,
’nonstructural_distribution’,comment_flag)
#Initialize data from file
self.file_values(data)
#initialize weight
self.W.init_weight(data)
#initialize beam
self.spar.init_beam(data,comment_flag)
#set remaining values to zero
self.init_zeros()
def type_init(self):
#######################################################################
#####
#####
#####
type_init Function
#####
#####
#####
#######################################################################
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#type_init function initializes distribution types to ’null’
#---------------------------------------------------------------------#inputs:
# -filename=file containing aircraft geometry
# -self=data structure containing problem scenario
#outputs:
# #---------------------------------------------------------------------self.wing.c_type=’null’
self.wing.t_c_type=’null’
self.spar.h_type=’null’
self.W.ns_type=’null’
def file_values(self,data):
#######################################################################
#####
#####
#####
file_values Function
#####
#####
#####
#######################################################################
#file_values function reads in non-zero values from the input file
#---------------------------------------------------------------------#inputs:
# -self=struct containing plane setup information
# -data=input file data loaded from json.load
#outputs:
# #---------------------------------------------------------------------self.wing.m=data["wing"]["grid"]
self.wing.S=data["wing"]["wing_area"]
self.wing.b=data["wing"]["wing_span"]
self.spar.sigma_max=data["spar"]["max_stress"]
self.spar.gam=data["spar"]["specific_weight"]
self.n.m=data["limits"]["maneuvering"]
self.n.g=data["limits"]["hard_landing"]
self.f.rho=data["flight"]["density"]
self.f.V=data["flight"]["velocity"]
self.L.B=data["lift_distribution"]["B"]
if (’C_sigma’ in data["spar"]):
self.spar.C_sigma=np.zeros((self.wing.m+1,), dtype=np.float64)
self.spar.beam_type=’C_sigma’
for i in range (0,self.wing.m+1):
self.spar.C_sigma[i]=data["spar"]["C_sigma"]
else :
self.spar.C_sigma=np.zeros((self.wing.m+1,), dtype=np.float64)
if isinstance(data["spar"]["beam_type"],str):
self.spar.beam_type=data["spar"]["beam_type"]
else:
for key in data["spar"]["beam_type"]:
self.spar.beam_type=key
self.W.init_weight(data)
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if ’loading’ in data["wing"]:
self.wing.loading=data["wing"]["loading"]
else:
self.wing.loading=self.W.tot/self.wing.S
if (self.wing.c_type==’taper’):
self.wing.taper_ratio=data["wing"]["chord"]["function"]["taper"]
if (self.wing.t_c_type==’root/tip’):
self.wing.root_tc=data["wing"]["thickness_chord"]["function"]\
["root/tip"]["root"]
self.wing.tip_tc=data["wing"]["thickness_chord"]["function"]\
["root/tip"]["tip"]
def init_zeros(self):
#######################################################################
#####
#####
#####
init_zeros Function
#####
#####
#####
#######################################################################
#init_zeros function initializes the all undefined values to zero
#---------------------------------------------------------------------#inputs:
# -self=struct containing plane setup information
#outputs:
# #---------------------------------------------------------------------self.wing.t_max=np.zeros((self.wing.m+1,), dtype=np.float64)
self.wing.theta=np.zeros((self.wing.m+1,), dtype=np.float64)
self.wing.z=np.zeros((self.wing.m+1,), dtype=np.float64)
self.spar.S_b=np.zeros((self.wing.m+1,), dtype=np.float64)
self.M.bnm=np.zeros((self.wing.m+1,), dtype=np.float64)
self.M.bng=np.zeros((self.wing.m+1,), dtype=np.float64)
self.M.b=np.zeros((self.wing.m+1,), dtype=np.float64)
self.W.stilde=np.zeros((self.wing.m+1,), dtype=np.float64)
self.L.tilde=np.zeros((self.wing.m+1,), dtype=np.float64)
self.L.ratio=np.zeros((self.wing.m+1,), dtype=np.float64)
self.L.nondim=np.zeros((self.wing.m+1,), dtype=np.float64)
self.D_i=0.0
def geom(self):
#######################################################################
#####
#####
#####
Geom Function
#####
#####
#####
#######################################################################
#Geom function calculates remaining geometry values
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
#outputs:
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# #---------------------------------------------------------------------self.wing.set_wing_geom()
self.spar.set_spar_geom(self.wing)
def lift_dist(self) :
#######################################################################
#####
#####
#####
lift_dist Function
#####
#####
#####
#######################################################################
#lift_dist function returns the lift distribution
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
#outputs:
# #---------------------------------------------------------------------wing,spar,M,W,n,f,L=self.unpackplane()
for i in range (0,wing.m+1) :
Bsinsum=0.0
for k in range (0,len(L.B)) :
Bsinsum=Bsinsum+L.B[k]*ma.sin((k+2)*wing.theta[i])
#Nondimensional Lift Distribution Eq. (39)
L.nondim[i]=(4.0/ma.pi)*(ma.sin(wing.theta[i])+Bsinsum)
#Nondimensional Lift Distribution divided by Wingspan
L.ratio[i]=L.nondim[i]/wing.b
self.packplane(wing,spar,M,W,n,f,L)
def bending_moment(self) :
#######################################################################
#####
#####
#####
bending_moment Function
#####
#####
#####
#######################################################################
#bending_moment function calculates the bending moments on the wing
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
#outputs:
#
#---------------------------------------------------------------------#Maneuvering Bending moment distribution
self.bending_moment_nm()
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#Hard-Landing Bending moment distribution
self.bending_moment_ng()
def bending_moment_nm(self) :
#######################################################################
#####
#####
#####
bending_moment_nm Function
#####
#####
#####
#######################################################################
#returns maneuvering-flight bending moments
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
#outputs:
# #---------------------------------------------------------------------wing,spar,M,W,n,f,L=self.unpackplane()
ft=np.zeros((wing.m+1,), dtype=np.float64)
#Maneuvering-Flight Bending moment Eq. (40)
for i in range (0,wing.m+1):
#f(theta_k) Eq. (40)
for k in range (i,wing.m+1) :
ft[k]=(-wing.b*ma.sin(wing.theta[k])/2.0)*(W.tot*L.ratio[k]W.ntilde[k]-W.stilde[k])*(ma.cos(wing.theta[k])
-ma.cos(wing.theta[i]))
#simpson’s 1/3 rule Eq. (40)
if (i != wing.m) :
M.bnm[i]=n.m*wing.b/2.0*ints.simpson_third(i,wing.m,wing.theta,ft)
#M.bnm[wing.m-i]=M.bnm[i]
else :
M.bnm[i]=0.0
#M.bnm[wing.m-i]=M.bnm[i]
self.packplane(wing,spar,M,W,n,f,L)
def bending_moment_ng(self) :
#######################################################################
#####
#####
#####
bending_moment_ng Function
#####
#####
#####
#######################################################################
#returns hard_landing bending moments
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
#outputs:
# #-------------------------------------------------------------------wing,spar,M,W,n,f,L=self.unpackplane()
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ft=np.zeros((wing.m+1,), dtype=np.float64)
#Hard-Landing Bending moment Eq. (41)
for i in range (0,wing.m+1):
#f(theta_k) Eq. (41)
for k in range (i,wing.m+1) :
ft[k]=(-wing.b*ma.sin(wing.theta[k])/2.0)*(W.ntilde[k]+W.stilde[k]
-W.tot/n.g*L.ratio[k])*(ma.cos(wing.theta[k])
-ma.cos(wing.theta[i]))
#simpson’s 1/3 rule Eq. (41)
if (i != wing.m) :
M.bng[i]=-n.g*wing.b/2.0*ints.simpson_third(i,wing.m,wing.theta,ft)
#M.bng[wing.m-i]=M.bng[i]
else :
M.bng[i]=0.0
#M.bng[wing.m-i]=M.bng[i]
self.packplane(wing,spar,M,W,n,f,L)
def structure(self) :
#######################################################################
#####
#####
#####
structure Function
#####
#####
#####
#######################################################################
#structure function finds the wing structure required to support the
#bending moments
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
#outputs:
# #---------------------------------------------------------------------wing,spar,M,W,n,f,L=self.unpackplane()
#Structural Weight Distribution Eq. (20)
for i in range (0,wing.m+1) :
if (wing.c[i]==0):
W.stilde[i]=0.0
else:
W.stilde[i]=max(np.absolute(M.bnm[i])/spar.S_b[i],\
np.absolute(M.bng[i])/spar.S_b[i])
#W.stilde[i]=np.absolute(M.bnm[i])/spar.S_b[i]
#Total Structural Weight Eq. (42)
ft=np.zeros((wing.m+1,), dtype=np.float64)
for i in range (0,wing.m+1) :
ft[i]=W.stilde[i]*ma.sin(wing.theta[i])
W.s=-wing.b*ints.simpson_third(0,wing.m,wing.theta,ft)
self.packplane(wing,spar,M,W,n,f,L)
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def nonstructure(self) :
#######################################################################
#####
#####
#####
nonstructure Function
#####
#####
#####
#######################################################################
#nonstructure function determines the nonstructural weight distribution
#and total nonstructural weight
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
#outputs:
# #---------------------------------------------------------------------wing,spar,M,W,n,f,L=self.unpackplane()
#Non-Structural Weight Distribution
if ((W.ns_dist_type==’even’) or (W.ns_dist_type==’custom’)):
df.nonstruct_dist(self)
#If height is specified in a file, scale the height
elif ((W.ns_dist_type==’constant’) or (W.ns_dist_type==’file’)):
W.ntilde=W.ntilde
#~ elif (W.ns_dist_type==’null’):
#~ print(’WARNING: Non_structural weight distribution set to zero.’)
else:
print(’WARNING: invalid non-structural weight distribution settings.
Non-Structural weight distribution defaulted to zero.’)
#Total Non-structural Weight Eq. (38)
ft=np.zeros((wing.m+1,), dtype=np.float64)
for i in range (0,wing.m+1):
ft[i]=W.ntilde[i]*ma.sin(wing.theta[i])
W.n=-wing.b*ints.simpson_third(0,wing.m,wing.theta,ft)+W.r
self.packplane(wing,spar,M,W,n,f,L)
def solver(self,convergence) :
#######################################################################
#####
#####
#####
Solver Function
#####
#####
#####
#######################################################################
#solver function runs through the algorithm until a solution converges
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
# -convergence=convergence criterion. Iterations will continue until
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#
the error in structural weight is below convergence
#outputs:
# #---------------------------------------------------------------------W_S=self.wing.loading
error=1.0
self.spar.init_properties(self.wing)
while error>convergence :
if (self.W.r_type==’ratio’):
self.W.r=self.W.R_n*self.W.tot
self.wing.S=self.W.tot/W_S
self.geom()
prev=self.W.s
#Step (2) [3 new]
self.bending_moment()
#Step (4)
self.structure()
#Step (4b)
self.nonstructure()
curr=self.W.s
#error=error+1
if (prev==0.0):
error=1.0
else:
error=np.absolute(((curr-prev)/prev)*100)
#error=(prev-curr)
#print(self.W.s)
#Step (1) [2 new]
self.W.tot=self.W.s+self.W.n
#Total Weight Eq. (4)
self.W.tot=self.W.s+self.W.n
self.wing.loading=self.W.tot/self.wing.S
#Induced Drag Eq. (3)
Bsum=0.0
for i in range (0,len(self.L.B)) :
Bsum=Bsum+(i+2)*self.L.B[i]**2
self.D_i=(2.0*(self.W.tot/self.wing.b)**2)/\
(ma.pi*self.f.rho*self.f.V**2)*(1.0+Bsum)

#Holds the wing geometry information
class Wing(object):
_slots_=[’S’,’b’,’c’,’c_type’,’t_c’,’t_c_type’,’t_max’,’m’,’z’,’theta’,
’loading’,’taper_ratio’,’root_tc’,’tip_tc’]
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def set_t_c(self) :
#######################################################################
#####
#####
#####
set_t_c Function
#####
#####
#####
#######################################################################
#set_chord function scales the chord to keep wing area constant
#---------------------------------------------------------------------#inputs:
# -self=data structure containing problem scenario
#outputs:
# #---------------------------------------------------------------------if ((self.t_c_type==’root/tip’) or (self.t_c_type==’custom’)):
df.t_c(self)
#If height is specified in a file, scale the height
elif ((self.t_c_type==’constant’) or (self.t_c_type==’file’)):
self.t_c=self.t_c
def wing_area(self) :
#######################################################################
#####
#####
#####
wing_area Function
#####
#####
#####
#######################################################################
#wing_area function finds the wing area from the chord distribution
#---------------------------------------------------------------------#inputs:
# -self=data_structure containing the wing information
#outputs:
# #---------------------------------------------------------------------#Integrate chord in theta using simpson’s rule
ft=np.zeros((self.m+1,), dtype=np.float64)
for i in range (0,self.m+1):
ft[i]=self.c[i]*ma.sin(self.theta[i])
self.S=-self.b*ints.simpson_third(0,self.m,self.theta,ft)
def set_wing_geom(self):
#######################################################################
#####
#####
#####
set_wing_geom Function
#####
#####
#####
#######################################################################
#set_wing_geom calculates wing geometry values
#---------------------------------------------------------------------#inputs:
# -self=struct containing wing geometry
#outputs:
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# #---------------------------------------------------------------------self.set_chord()
self.wing_area()
self.set_t_c()
#Set wing max thickness according to thickness-to-chord ratio
#distribution and chord distribution
for i in range (0,self.m+1):
self.t_max[i]=self.t_c[i]*self.c[i]
def discretize(self) :
#######################################################################
#####
#####
#####
discretize Function
#####
#####
#####
#######################################################################
#discretize function discretizes the wing over the full span
#---------------------------------------------------------------------#inputs:
# -self=data structure containing wing information
#outputs:
# #---------------------------------------------------------------------#Cosine Clustering
for i in range (0,self.m+1) :
self.theta[i]=ma.pi/2.0-ma.pi/2.0*(i)/float(self.m)
self.z[i]=self.b/2.0*ma.cos(self.theta[i])
def set_chord(self) :
#######################################################################
#####
#####
#####
set_chord Function
#####
#####
#####
#######################################################################
#set_chord function scales the chord to keep wing area constant
#---------------------------------------------------------------------#inputs:
# -self=data structure containing wing information
# #outputs:
# #---------------------------------------------------------------------#If chord is specified in function, use the function to find the
#new chord to maintain constant wing area
if ((self.c_type==’rectangular’) or (self.c_type==’taper’) or
(self.c_type==’elliptic’) or (self.c_type==’custom’)):
df.chord(self)
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#If height is specified in a file, scale the height
elif ((self.c_type==’constant’) or (self.c_type==’file’)):
self.c=self.c
#Holds the spar geometry information
class Spar(object):
_slots_=[’sigma_max’,’h’,’h_type’,’fill_ratio’,’gam’,’C_sigma’,’S_b’,
’beam_type’,’inner_width’,’inner_height’,’outer_width’,’flange_height’,
’flange_width’,’web_width’]
def init_beam(self,data,comment_flag):
#######################################################################
#####
#####
#####
init_beam Function
#####
#####
#####
#######################################################################
#init_beam function initializes beam properties based on initial
#information
#---------------------------------------------------------------------#inputs:
# -self=data structure with the probelm scenario
# -data=input file data loaded from json.load
#
-comment_flag=flag that determines whether comments
#
are displayed or not
#outputs:
# #---------------------------------------------------------------------if (self.beam_type != ’C_sigma’):self.h,self.h_type=distributions_init(
data,’spar’,’height’,comment_flag)
if (self.h_type==’fill’):
self.fill_ratio = data["spar"]["height"]["function"]["fill"]
if (self.beam_type==’box’):
self.inner_height=data["spar"]["beam_type"]["box"]["inner_height"]
self.inner_width=data["spar"]["beam_type"]["box"]["inner_width"]
self.outer_width=data["spar"]["beam_type"]["box"]["outer_width"]
elif (self.beam_type==’I’):
self.flange_height=data["spar"]["beam_type"]["I"]["flange_height"]
self.web_width=data["spar"]["beam_type"]["I"]["web_width"]
self.flange_width=data["spar"]["beam_type"]["I"]["flange_width"]
elif (self.beam_type==’tube’):
self.inner_diameter=data["spar"]["beam_type"]["tube"]["inner_diameter"]

def init_properties(self,wing):
#set or scale spar height
for i in range (0,wing.m+1):
self.set_height(wing)
#Calculate shape factor according to beam type
if (self.beam_type == ’rectangular’):
self.rectangular_beam(wing)
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elif (self.beam_type == "box"):
self.box_beam(wing)
elif (self.beam_type == ’I’):
self.I_beam(wing)
elif (self.beam_type == ’tube’):
self.tube_beam(wing)
elif (self.beam_type == ’C_sigma’):
self.C_sigma=self.C_sigma
else:
print(’WARNING: Spar beam not fully specified’)
def set_spar_geom(self,wing):
#######################################################################
#####
#####
#####
set_spar_geom Function
#####
#####
#####
#######################################################################
#set_spar_geom calculates spar geometry values
#---------------------------------------------------------------------#inputs:
# -self=struct containing spar geometry
# -wing=struct containing wing geometry
#outputs:
# #---------------------------------------------------------------------#set or scale spar height
for i in range (0,wing.m+1):
self.set_height(wing)
#Calculate proportionality Constant Eq. (15)
for i in range (0,wing.m+1):
if (wing.c[i]==0):
self.S_b[i]=0.0
else:
self.S_b[i]=(self.C_sigma[i]*(wing.t_c[i])*wing.c[i]*
self.sigma_max)/(self.gam)
def rectangular_beam(self,wing) :
#######################################################################
#####
#####
#####
rectangular_beam Function
#####
#####
#####
#######################################################################
#calculates shape factor for rectangular beam
#---------------------------------------------------------------------#inputs:
# -self=data structure containing spar information
# -wing=data structure containing wing information
#outputs:
# #---------------------------------------------------------------------self.C_sigma=np.zeros((wing.m+1,), dtype=np.float64)
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#Shape factor for rectangular beam Eq. (14)
for i in range (0,wing.m+1):
if (wing.c[i]==0):
self.C_sigma[i]=0.0
else:
self.C_sigma[i]=(self.h[i]/wing.t_max[i])/6.0
def box_beam(self,wing) :
#######################################################################
#####
#####
#####
box_beam Function
#####
#####
#####
#######################################################################
#calculates shape factor for box beam
#---------------------------------------------------------------------#inputs:
# -self=data structure containing spar information
# -wing=data structure containing wing information
#outputs:
# #---------------------------------------------------------------------C_sigma=np.zeros((wing.m+1,), dtype=np.float64)
h_i=np.zeros((wing.m+1,), dtype=np.float64)
w_i=np.zeros((wing.m+1,), dtype=np.float64)
w=np.zeros((wing.m+1,), dtype=np.float64)
#Set beam dimensions to values from input file (SCALE??)
h_i=self.inner_height#/self.h[wing.m/2])*self.h[i]
w_i=self.inner_width#*h_i[i]/self.h[wing.m/2])
w=self.outer_width#*h_i[i]/self.h[wing.m/2])
h=self.h
ratio=((1-w_i*h_i**3/(w*h[0]**3)))/(6.0*(1-w_i*h_i/(w*h[0])))
#Shape factor for box beam Eq. (14)
for i in range (0,wing.m+1):
if (wing.c[i]==0):
self.C_sigma[i]=0.0
else:
self.C_sigma[i]=ratio*(h[i]/wing.t_max[i])
def I_beam(self,wing) :
#######################################################################
#####
#####
#####
I_beam Function
#####
#####
#####
#######################################################################
#calculates shape factor for box beam
#---------------------------------------------------------------------#inputs:
# -self=data structure containing spar information
# -wing=data structure containing wing information
#outputs:
# -
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#---------------------------------------------------------------------C_sigma=np.zeros((wing.m+1,), dtype=np.float64)
h_f=np.zeros((wing.m+1,), dtype=np.float64)
w_w=np.zeros((wing.m+1,), dtype=np.float64)
w=np.zeros((wing.m+1,), dtype=np.float64)
ratio=np.zeros((wing.m+1,), dtype=np.float64)
#Set beam dimensions to values from input file (SCALE??)
h_f=self.flange_height#*(self.h[i]/self.h[wing.m/2])
w_w=self.web_width#*(self.h[i]/self.h[wing.m/2])
w=self.flange_width#*(self.h[i]/self.h[wing.m/2])
h=self.h
t_max=wing.t_max
ratio=((2.0*(h_f/h[0])**3+6.0*(h_f/h[0])*(1-h_f/h[0])**2+(w_w/w)*(
1-2.0*h_f/h[0])**3))/(6.0*(2.0*h_f/h[0]+(w_w/w)*(1-2.0*h_f/h[0])))
#Shape factor for I beam Eq. (14)
for i in range (0,wing.m+1):
if (wing.c[i]==0):
self.C_sigma[i]=0.0
else:
self.C_sigma[i]=ratio*(h[i]/t_max[i])
def tube_beam(self,wing):
#######################################################################
#####
#####
#####
tube_beam Function
#####
#####
#####
#######################################################################
#calculates shape factor for tube beam
#---------------------------------------------------------------------#inputs:
# -self=data structure containing spar information
# -wing=data structure containing wing information
#outputs:
# #---------------------------------------------------------------------C_sigma=np.zeros((wing.m+1,), dtype=np.float64)
d_i=np.zeros((wing.m+1,), dtype=np.float64)
d_i=self.inner_diameter
d_o=self.h
t_max=wing.t_max
ratio=(1.-(d_i**4.)/(d_o[0]**4.))/(8.*(1.-(d_i**2.)/(d_o[0]**2.)))
#shape factor for tube beam
for i in range (0,wing.m+1):
if (wing.c[i]==0):
self.C_sigma[i]=0.0
else:
self.C_sigma[i]=ratio*(d_o[i]/t_max[i])
def set_height(self,wing) :
#######################################################################
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#####
#####
#####
set_height Function
#####
#####
#####
#######################################################################
#set_height function sets the spar height
#---------------------------------------------------------------------#inputs:
# -wing=data structure containing wing information
# -self=data structure containing spar information
#outputs:
# #---------------------------------------------------------------------#If height is specified in function, use the function to find the
#new height
if ((self.h_type==’fill’) or (self.h_type==’min_fill’) or (self.h_type==
’custom’)):
df.height(self,wing)
#If height is specified in a file, scale the height
elif ((self.h_type==’constant’) or (self.h_type==’file’)):
self.h=self.h
else:
if (self.beam_type!=’C_sigma’):
print("WARNING: Invalid spar height settings. Spar height
distribution defaulted to zero!")
#Holds the moment information
class Moments(object):
_slots_=[’bnm’,’bng’,’b’]

#Holds the weight information
class Weight(object):
_slots_=[’tot’,’r’,’n’,’n_type’,’s’,’R_n’,’r_type’,’ntilde’,’stilde’,
’ns_dist_type’]
def init_weight(self,data):
#######################################################################
#####
#####
#####
init_weight Function
#####
#####
#####
#######################################################################
#init_weight function initializes weights based on initial information
#---------------------------------------------------------------------#inputs:
# -self=data structure with the weight information
# -data=input file data loaded from json.load
#outputs:
# #----------------------------------------------------------------------
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self.tot=0.0
self.r=0.0
self.s=0.0
self.n=0.0
#initialize Non-structural Weight
if (’nonstructural_weight’ in data["weight"]):
self.n=data["weight"]["nonstructural_weight"]
self.n_type=’constant’
else:
self.n_type=’variable’
#initialize root weight
if (’root_total’ in data["weight"]):
self.R_n=data["weight"]["root_total"]
self.r_type=’ratio’
else:
self.r=data["weight"]["root_weight"]
self.r_type=’constant’
#initialize total weight
if (’total_weight’ in data["weight"]):
self.tot=data["weight"]["total_weight"]
else:
self.tot=self.n+self.r+self.s

#Holds the load limits information
class Limits(object):
_slots_=[’m’,’g’]

#Holds the flight condition information
class Flight(object):
_slots_=[’rho’,’V’]

#Holds the lift distribution information
class Lift_Distribution(object):
_slots_=[’B’,’tilde’,’ratio’,’nondim’]
########################################################################
########################################################################
########################################################################
def distributions_init(data,category,distribution,comment_flag) :
#######################################################################
#####
#####
#####
distributions_init Function
#####
#####
#####
#######################################################################
#distributions_init function determines whether a distribution should be
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#initialized using a function or file.
#---------------------------------------------------------------------#inputs:
# -data=data from .json input file
# -category=top level .json variable
# -distribution=second level .json variable
#
-comment_flag=flag that determines whether comments are displayed
#outputs:
# -init_var=distribution now initialized to correct value
# -init_var_type=if file format is correct, return ’file’
#---------------------------------------------------------------------n=data["wing"]["grid"]
comments="{0:<70}{1:<20}"
#Hirearchy=constant, function, file
if (comment_flag==1): print (’----------------------------------------------------------------------------------------------------’)
#Distribution from constant
if (’constant’ in data[category][distribution]) :
init_var,init_var_type=set_constant_dist(data[category]
[distribution]["constant"],n)
if (comment_flag==1): print(comments.format(distribution+
’ initialized
to spanwise-constant value:’,str(data[category][distribution]
["constant"])))
#Distribution from function
elif (’function’ in data[category][distribution]) :
if isinstance(data[category][distribution]["function"],dict):
for key in data[category][distribution]["function"]:
init_var_type=key
else:
init_var_type=data[category][distribution]["function"]
init_var=np.zeros((n+1,), dtype=np.float64)
if (comment_flag==1): print(comments.format(’Setting ’+
distribution+
’ information from function:’,init_var_type))
#Distribution from File
elif (’file’ in data[category][distribution]) :
init_var,init_var_type=file_dist(data[category][distribution]
["file"])
if (comment_flag==1): print(comments.format(’Reading ’+
distribution+
’ information from file:’,data[category][distribution]["file"]))
#Default
else:
if (comment_flag==1): print(’WARNING: ’+distribution+’
defaulted to zero.’)
init_var=np.zeros((n+1,), dtype=np.float64)
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return init_var,init_var_type

def set_constant_dist(input_file_entry,n):
#######################################################################
#####
#####
#####
set_constant_dist Function
#####
#####
#####
#######################################################################
#set_constant_dist function sets a distribution to a constant value
#---------------------------------------------------------------------#inputs:
# -input_file_entry=constant value specified in the input file to
# -n=number of nodes along wing
#outputs:
# -init_var=distribution now initialized to correct value
# -init_var_type=if file format is correct, return ’file’
#---------------------------------------------------------------------init_var=np.zeros((n+1,), dtype=np.float64)
for i in range (0,n+1):
init_var[i]=input_file_entry
init_var_type=’constant’
return init_var,init_var_type

def file_dist(filename):
#######################################################################
#####
#####
#####
file_dist Function
#####
#####
#####
#######################################################################
#file_dist checks for correct distribution file entry format
#---------------------------------------------------------------------#inputs:
# -filename=name of distribution input file
#outputs:
# -init_var_type=if file format is correct, return ’file’
# -init_var_type=if file format is correct, return ’file’
#---------------------------------------------------------------------#Check for correct file format
if (filename.endswith(’.json’)):
with open(filename) as file:
data = json.load(file, object_pairs_hook = OrderedDict)
#check for correct key in .json file
if ("distribution" in data):
#Set init_var to distribution in file
init_var=data["distribution"]
else:
sys.exit(’File read error! No "distribution"
key in "’+filename+’"’)
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exit
init_var_type=’file’
else :
sys.exit(’File read error! "’+filename+’" is invalid
distribution filename.
Please specify distribution file in .json format’)
exit
return init_var,init_var_type

#user_functions.py contains functions that define the following
#distributions:
# -Non-Structural Weight
# -Thickness-to-chord ratio
# -Chord Distribution
import numpy as np
import math as ma
import user_functions as uf
#######################################################################
#####
#####
#####
W_n Function
#####
#####
#####
#######################################################################
#W_n function sets up the non-sructural weight distribution
def nonstruct_dist(plane) :
#~ dist=’even’
#~ dist=’equation_30’
dist=plane.W.ns_dist_type
if (dist==’custom’) :
uf.Wns(plane)
elif (dist==’even’):
for i in range (0,plane.wing.m+1) :
#Eq. (44)
if (plane.W.n_type==’variable’):
plane.W.n=plane.W.tot-plane.W.s#8.8
sumodd=0.0
sumeven=0.0
k=1
while k < plane.wing.m :
sumodd=sumodd+ma.sin(plane.wing.theta[k])
k=k+2
k=2
while k < plane.wing.m :
sumeven=sumeven+ma.sin(plane.wing.theta[k])
k=k+2
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plane.W.ntilde[i]=-(3.0*np.real(plane.wing.m)*(plane.W.nplane.W.r))/(plane.wing.b*(plane.wing.theta[plane.wing.m]plane.wing.theta[0])*(ma.sin(plane.wing.theta[0])+4.0*sumodd+
2.0*sumeven+ma.sin(plane.wing.theta[plane.wing.m])))

#######################################################################
#####
#####
#####
t_c Function
#####
#####
#####
#######################################################################
#t_c function sets up the t/c distribution
def t_c(wing) :
if (wing.t_c_type == ’root/tip’) :
for i in range (0,wing.m+1) :
wing.t_c[i]=wing.root_tc+2.0*(wing.tip_tc-wing.root_tc)/
wing.b*wing.z[i]
elif (wing.t_c_type == ’custom’):
uf.t_c(wing)

#######################################################################
#####
#####
#####
chord Function
#####
#####
#####
#######################################################################
#chord function sets up the chord distribution
def chord(wing) :
wing_shape=wing.c_type
if (wing_shape==’taper’) :
tr=wing.taper_ratio
Cr=(2.0*wing.S)/(wing.b*(1.0+tr))
for i in range(0,wing.m+1) :
wing.c[i]=Cr-((Cr-tr*Cr)/(wing.b/2.0))*wing.z[i]
elif (wing_shape==’elliptic’) :
Ra=wing.b**2/wing.S
for i in range(0,wing.m+1) :
wing.c[i]=4.0*wing.b/(ma.pi*Ra)*ma.sqrt(1-(2.0*(wing.z[i])/
wing.b)**2)
elif (wing_shape==’rectangular’):
for i in range(0,wing.m+1):
wing.c[i]=wing.S/wing.b
elif (wing_shape==’custom’):
uf.chord(wing)
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#######################################################################
#####
#####
#####
height Function
#####
#####
#####
#######################################################################
#chord function sets up the spar height distribution
def height(spar,wing) :
if (spar.h_type == ’fill’):
for i in range (0,wing.m+1):
spar.h[i]=wing.t_max[i]*spar.fill_ratio
elif (spar.h_type == ’min_fill’):
minval=np.min(wing.t_max)
for i in range (0,wing.m+1):
spar.h[i]=minval
elif (spar.h_type == ’custom’):
uf.height(spar,wing)

#integrators.py contains integrator routines

#######################################################################
#####
#####
#####
Simpson’s 1/3 Rule
#####
#####
#####
#######################################################################
#This function computes the integral of f(x) from bottom_lim to top_lim
#using Simpson’s 1/3 rule. bottom_lim_index is the index of the bottom
#x limit and top_lim_index is the index of the top x limit.
def simpson_third(bottom_lim_index,top_lim_index,x,f) :
n=top_lim_index-bottom_lim_index
sumodd=0.0
sumeven=0.0
i=bottom_lim_index+1
while i<top_lim_index :
sumodd=sumodd+f[i]
i=i+2
i=bottom_lim_index+2
while i<top_lim_index:
sumeven=sumeven+f[i]
i=i+2
I=(x[top_lim_index]-x[bottom_lim_index])*((f[bottom_lim_index]+
4.0*sumodd+2.0*sumeven+f[top_lim_index])/(3.0*n))
return I

